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A calculus of handlers

Fine-grain call-by-value lambda calculus

Values V,W = x| Ax. M

Computations M, N =V W
| return V
| letx <« Min N
| dotV
| handle M with H

Handlers H ::= {return x — M}
| {xk—>MiwH

Small-step semantics for handlers

handle (return V) with H ~~ N[V/x|, if {returnx— N} € H
handle £[do ¢ V]| with H ~~ N[V/x,\y.handle E[return y]| with H/k]
if {{xk— N}eH



Drunk coin tossing

let cl + do Choose () in
if cl then
let c2 <+ do Choose () in
if c2 then
return Heads ()
else
return Tails ()
else
do Fail ()
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Drunk coin tossing

handle
handle
let cl + do Choose () in
if cl then
let c2 < do Choose () in
if c2 then
return Heads ()
else
return Tails ()
else
do Fail ()
with

{ return x +— return Some x
Fail () k — return None }
with
{ return x — return [x]
Choose () k — k true + k false }

evaluates to [Some Heads, Some Tails, None]



CEK 101 (Felleisen and Friedman 1987)

A CEK machine operates on configurations of the shape (C | E | K), where:
@ Control C is the expression being evaluated (M)
@ Environment E binds the free variables (v)

o Continuation K instructs the machine what to do next (k)



CEK 101: Syntax and semantics

Abstract machine syntax

Configurations C:=(M|~v]|k)
Value environments v =01 y[x v
Values v,w = (7, \x. M) | k
Continuations ku=1]]louk
Continuation frames ¢ = (y,x, N)

Abstract machine semantics

M — (M]|0] o)

k) — (M |¥[x= W] ]|&), if[Vly=(@") xM)
k) — (M ]v](v,x,N) k)

(VW y|
(let x < Min N |~ |
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CEK 101: Syntax and semantics

Abstract machine syntax

Configurations C:=(M|~v]|k)
Value environments v =01 y[x v
Values v,w = (7, \x. M) | k
Continuations ku=1]]louk
Continuation frames ¢ = (y,x, N)

Abstract machine semantics

(letx—~MinN|~v|&) — (M|~ (y,x,N):: k)



A CEK machine with handlers

The trick: augment the configuration space and enrich the continuation structure

Configurations C = (M|~]o)
Value environments v o= 0] yx = V]
Values v,w == (v, Ax. M) | Kk

Continuations ku=[]l¢uk
Continuation frames ¢ == (v,x,N)



A CEK machine with handlers

The trick: augment the configuration space and enrich the continuation structure

Configurations C = (M|~|r)
RS

Value environments v o= 0] y[x V]

Values v,w == (v, Ax. M) | &

Continuations kK o=[]|0k

Continuation frames 0 == (o,x)

Pure continuations ou=1]l¢uo

Pure continuation frames ¢ = (v,x,N)

Handler closures x == (v,H)

Intuition: &’ is a list of handlers which forwarded some operation



Drunken coin tossing in an abstract machine

Machine transitions The example program
M — (M]0]ro)
handle
let cl < do Choose () in
if cl then
let c2 < do Choose () in
if c2 then
return Heads ()
else
return Tails ()
else
do Fail ()

with (Hgai1)

{ return x + return Some x
Fail () k ~— return None }

with (Htrye)

{ return x > return x
Choose () k + k true }
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Machine transitions The example program
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Drunken coin tossing in an abstract machine

Machine transitions

M — (M | @ | Iio)
—T (do Choose () | @ | (02, Heail) =2 (01, Herue) it o)
— (do Choose () | 0 | (02, Heait) =2 (01, Herve) it ko | [)op
— (do Choose () | @ | (o1, Herue) :: ko | [ H [(02, Heail)])op
—> (ktrue | O[k — [(02, Hail)] + [(01, Herue)] | ®0)

where Hirue(Choose) = {Choose () k +— k true}
—*t (do Choose () | B[cl — true] | (o2, Heait) = (01, Herue) =

: KQ)

The example program

M =
handle
handle
let cl < do Choose () in
if cl then
let c2 < do Choose () in
if c2 then
return Heads ()
else
return Tails ()
else
do Fail ()
with (Hgai1)
{ return x +— return Some x
Fail () k + return None
with (Htrye)
{ return x > return x
Choose () k + k true }

}
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Machine transitions The example program
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Drunken coin tossing in an abstract machine

Machine transitions The example program

M =

M — <M I @ I KO) handle
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Drunken coin tossing in an abstract machine

Machine transitions The example program
M- — (M0 ko) "andte
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— (dO Choose O ‘ @ ‘ (CJ']_7 Htrue) RO | H —++ [(0’2, Hfail)]>op }:t ;2 ;— do Choose () in
— (ktrue | D[k — [(02, Hpait)] + [(01, Hirue)] | o) ¥ return heads 0
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return Tails
—" (do Choose () | 0[c1 — true] | (02, Hrail) : (01, Herue) 2 ko) <52
—* (return Heads | v | ([], Hrail) :: (01, Herue) =2 o) with (Hrag1)
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A semantics for CEK with handlers

Installing a handler and running a computation to completion

(handle M with H | v | k) — (M|~ | ([], (v, H)) :: &)
(return V [y [ ([], (', H)) 2 6) — (M [y'[x = [V]Y] | ),
if H(return) = {return x — M}

Operation invocation, forwarding, handling, and stack reconstruction

(dolV[y|r) — (dolV|v[r|[])op

(dofV [vy|(o,(v,H)) 1| KYop —> (do LV |v]|r]|r +[(o,(7,H))])op,
if H(e) =0

— M|y [x = [V, k=& H (0,7, )] | 5),
if H(0) = {€ x k — M}
—

(return W | v | &/ ++ &), if [V]y =+’

(dotV [y ](o,(v,H)) k| K )op

(VWiy|r)
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A semantics for CEK with handlers

Installing a handler and running a computation to completion

Operation invocation, forwarding, handling, and stack reconstruction
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A semantics for CEK with handlers

Installing a handler and running a computation to completion

Operation invocation, forwarding, handling, and stack reconstruction

(dot V|v|(o,(7,H)) k| K )op —> (M| [x = [V]v, k> s+ [(0,(v", )] | K),
if H(0) = {€ x k — M}

(VW |~y ]|k) — (return W |~ |k + &), if [V]y=+r



Soundness of our CEK machine

Theorem (Simulation)
If M~ N then M —* N.

See Hillerstrdm and Lindley (2016) for the details.



Conclusion and future work

In summary
o Augmented the configuration space of CEK
o Enriched the structure of continuations

@ Showed that our machine simulates the operational semantics

Future work
o Relate the server-side abstract machine and the client-side CPS translation

@ Support for multihandlers
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