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Algebraic effect handlers are a powerful way to incorporate effects in a programming language. Sometimes
perhaps even too powerful. In this article we define a restriction of general effect handlers with scoped
resumptions. We argue one can still express all important effects, while improving local reasoning about effect
handlers. Using the newly gained guarantees, we define a sound and coherent evidence translation for effect
handlers which directly passes the handlers as evidence to each operation. We prove full soundness and
coherence of the translation into plain lambda calculus. The evidence in turn enables efficient implementations
of effect operations; in particular, we show we can execute tail-resumptive operations in place (without needing
to capture the evaluation context), and how we can replace the runtime search for a handler by indexing with
a constant offset.

1 INTRODUCTION

Algebraic effects [Plotkin and Power 2003] and the extension with handlers [Plotkin and Pret-
nar 2013], are a powerful way to incorporate effects in programming languages. Algebraic effect
handlers can express any free monad in a concise and composable way, and can be used to express
complex control-flow, like exceptions, asynchronous I/0, local state, backtracking, and much more.

Even though there are many language implementations of algebraic effects, like Koka [Lei-
jen 2014], Eff [Pretnar 2015], Frank [Lindley et al. 2017], Links [Lindley and Cheney 2012], and
Multicore OCaml [Dolan et al. 2015], the implementations may not be as efficient as one might
hope. Generally, handling effect operations requires a linear search at runtime to the innermost
handler. This is a consequence of the core operational rule for algebraic effect handlers:

handle,, h E[performopv] — fwvk

requiring that (op — f) is in the handler h and that op is not in the bound operations in the
evaluation context E (so the innermost handler gets to handle the operation). The operation clause
f gets passed the operation argument v and the resumption k = Ax. handle,, h E[x]. Inspecting
this rule, we can see that implementations need to search through the evaluation context to find
the innermost handler, capture the context up to that point as the resumption, and can only then
invoke the actual operation clause f. This search often is linear in the size of the stack, or in the
number of intermediate handlers in the context E.

In prior work, it has been shown that the vast majority of operations can be implemented much
more efficiently, often in time constant in the stack size. Doing so, however, requires an intricate
runtime system [Dolan et al. 2015; Leijen 2017a] or explicitly passing handler implementations,
instead of dynamically searching for them [Brachthauser et al. 2018; Schuster et al. 2019; Zhang and
Myers 2019]. While the latter appears to be an attractive alternative to implement effect handlers,
a correspondence between handler passing and dynamic handler search has not been formally
established in the literature.

In this article, we make this necessary connection and thereby open up the way to efficient
compilation of effect handlers. We identify a simple restriction of general effect handlers, called
scoped resumptions, and we show that under this restriction we can perform a sound and coherent
evidence translation for effect handlers. In particular:
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o The ability of effect handlers to capture resumptions k as a first-class value is very powerful

— perhaps too powerful as it can interfere with the ability to do local reasoning. We define the
notion of scoped resumptions (Section 2.2) as a restriction of general effect handlers where
resumptions can only be applied under the scope of their original handler context. We believe
all reasonable effect handlers can be written with scoped resumptions, while at the same
time ruling out many “wild” applications that have non-intuitive semantics. In particular, it
no longer allows handlers that change semantics of other operations than the ones it handles
itself. This improves the ability to use local reasoning over effects, and the coherence of
evidence translation turns out to only be preserved under scoped resumptions (more precisely:
an evidence translated program does not get stuck if resumptions are scoped). In this paper,
we focus on the evidence translation and use a dynamic check in our formalism. We show
various designs on how to check this property statically, but leave full exploration of such a
check to future work.

To open up the way to more efficient implementations, we define a type directed evidence
translation (Section 4) where the handlers are passed down as an implicit parameter to all oper-
ation invocations; similar to the dictionary translation in Haskell for type classes [Jones 1992],
or capability passing in Effekt [Brachthéuser et al. 2020]. This turns out to be surprisingly
tricky to get right, and we describe various pitfalls in Section 4.2. We prove that our transla-
tion is sound (Theorem 4 and 7) and coherent (Theorem 8), and that the evidence provided
at runtime indeed always corresponds exactly to the dynamic innermost handler in the
evaluation context (Theorem 5). In particular, on an evaluation step:

handle,, h E[performopevv] — fvk withop¢ bop(E) A(op— f) €h
the provided evidence ev will be exactly the pair (m, h), uniquely identifying the actual

(dynamic) handler m and its implementation h. This is the essence to enabling further
optimizations for efficient algebraic effect handlers.

Building on the coherent evidence translation, we describe various techniques for more efficient
implementations (Section 6):

e In practice, the majority of effects is tail resumptive, that is, their operation clauses have

the form op — Ax.Ak. k e with k ¢ e. That is, they always resume once in the end with the
operation result. We can execute such tail resumptive operation clauses in place, e.g.

performop(m,h)v. —  fv(Ax.x) (opy — f) €h

This is of course an important optimization that enables truly efficient effect operations at
a cost similar to a virtual method call (since we can implement handlers h as a vector of
function pointers where op is at a constant offset such that f = h.op).

Generally, evidence is passed as an evidence vector w where each element is the evidence for
a specific effect. That means we still need to select the right evidence at run-time which can
be a linear time operation (much like the dynamic search for the innermost handler in the
evaluation context). We show that by keeping the evidence vectors in canonical form, we
can index the evidence in the vector at a constant offset for any context where the effect is
non-polymorphic.

Since the evidence provides the handler implementation directly, it is no longer needed in the
context. We can follow Brachthduser and Schuster [2017] and use an implementation based
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on multi-prompt delimited continuations [Dyvbig et al. 2007; Gunter et al. 1995] instead.
Given evidence (m, h), we directly yield to a specific prompt m:

handle,, h E[perform op (m, h) v]

prompt,, E[yield,, (Ak. (h.op) v k)]

We define a monadic multi-prompt translation (Section 5) from an evidence translated pro-
gram (in F®") into standard call-by-value polymorphic lambda calculus (F) where the monad
implements the multi-prompt semantics, and we prove that this monadic translation is sound
(Theorem 10) and coherent (Theorem 11). Such translation is very important, as it provides
the missing link between traditional implementations based on dynamic search for the
handler [Dolan et al. 2015; Leijen 2014; Lindley et al. 2017] and implementations of lexical
effect handlers using multi-prompt delimited control [Biernacki et al. 2019; Brachthéauser
and Schuster 2017; Zhang and Myers 2019]. It also means we can use a standard compilation
backend where all usual optimizations apply that would not hold under algebraic effect
semantics directly (since all effects become explicit now). For example, as all handlers be-
come regular data types, and evidence is a regular parameter, standard optimizations like
inlining can often completely inline the operation clauses at the call site without any special
optimization rules for effect handlers [Pretnar et al. 2017]. Moreover, no special runtime
system for capturing the evaluation context is needed anymore, like split-stacks [Dolan et
al. 2015] or stack copying [Leijen 2017a], and we can generate code directly for any host
platform (including C or WebAssembly). In particular, recent advances in compilation guided
reference counting [Ullrich and Moura 2019] can readily be used. Such reference counting
transformations cannot be applied to traditional effect handler semantics since any effect
operation may not resume (or resume more than once), making it impossible to track the
reference counts directly.

We start by giving an overview of algebraic effects and handlers and their semantics in an untyped
calculus A€ (Section 2), followed by a typed polymorphic formalization F¢ (Section 3) for which we
prove various theorems like soundness, preservation, and the meaning of effect types. In Section 4
we define an extension of F€ with explicit evidence vector parameters, called F¢", define a formal
evidence passing translation, and prove this translation is coherent and preserves the original
semantics. Using the evidence translated programs, we define a coherent monadic translation
in Section 5 (based on standard multi-prompt semantics) that translates into standard call-by-
value polymorphic lambda-calculus (called F”). Section 6 discusses various immediate optimization
techniques enabled by evidence passing, in particular tail-resumption optimization, effect-selective
monadic translation, and bind-inlining to avoid explicit allocation of continuations.

For space reasons, we put all evaluation context type rules and the full proofs of all stated lemmas
and theorems in the supplemental Appendix which also includes further discussion of possible
extensions.

2 UNTYPED ALGEBRAIC EFFECT HANDLERS

We begin by formalizing a minimal calculus of untyped algebraic effect handlers, called A¢. The
formalization helps introduce the background, sets up the notations used throughout the paper,
and enables us to discuss examples in a more formal way.

The formalization of A€ is given in Figure 1. It is essentially standard call-by-value lambda calculus
extended with a rule to perform operations and a rule to handle them. It corresponds closely to
the untyped semantics of Forster et al. [2019], and the effect calculus presented by Leijen [2017c].
Sometimes, effect handler semantics are given in a form that does not use evaluation contexts, e.g.
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Expressions Values
e u= W (value) v ou= X (variables)

| ee (application) | Ax.e (functions f)

| handle he (handler instance) | handler h (effect handler)

| perform op (operation)
Handlers h == {opy—=fi, ... op, = fu } (operation clauses)
Evaluation Context F == [ |Fe |vF (pure evaluation)
E == O |Ee |vE | handle hE (effectful computation)

(app) Ax. e) v —  e[x=v]
(handler) (handler h) v —> handle h-v ()
(return)  handle h- v — v

(perform) handle h-E - performopv — f vk iff op¢ bop(E) A (op— f) €h
where k = Ax. (handle h-E - x)

e— ¢ (stor] bop(0d) =0
e — TEP
E-ermE-¢ bop(E e) = bop(E)
bop(v E) = bop(E)

bop(handle h E)= bop(E) U{op|(op— f) €h}

Fig. 1. A°: Untyped Algebraic Effect Handlers

[Kammar and Pretnar 2017; Pretnar 2015], but in the end both formulations are equivalent (except
that using evaluation contexts turns out to be convenient for our proofs).

There are two differences to earlier calculi: we leave out return clauses (for simplicity) and instead
of one handle h expression we distinguish between handle h e (as an expression) and handler h
(as a value). A handler h v evaluates to handle A (v ()) and just invokes its given function v with
a unit value under a handle h frame. As we will see later, handler is generative and instantiates
handle frames with a unique marker. As such, we treat handle as a strictly internal frame that only
occurs during evaluation.

The evaluation contexts consist of pure evaluation contexts F and effectful evaluation contexts E
that include handle h E frames. We assume a set of operation names op. The perform op v construct
calls an effect operation op by passing it a value v. Operations are handled by handle h e expressions,
which can be seen in the (perform) rule. Here, the condition op ¢ bop(E) ensures that the innermost
handle frame handles an operation. To evaluate an operation call, evaluation continues with the
body of the operation clause (op — f), passing the argument value v and the resumption k to f.
Note that f v k is not evaluated under the handler A, while the resumption always resumes under
the handler h again; this describes the semantics of deep handlers and correspond to a fold in a
categorical sense (as opposed to shallow handlers that are more like a case) [Kammar et al. 2013].

For conciseness, we often use the dot notation to decompose and compose evaluation contexts,
which also conveys more clearly that an evaluation context essentially corresponds to a runtime
stack. For example, we would write v - handle h - E - e as a shorthand for v (handle h (E[e])). The
dot notation can be defined as:

E-e = Ele] vO-E = wv-E = vE

Oe-E= Ee handle (0 - E = handle h-E handle h E
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2.1 Examples

Here are some examples of common effect handlers. Almost all practical uses of effect handlers are
a variation of these.

Exceptions: Assuming we have data constructors just and nothing, we can define a handler for
exceptions that converts any exceptional computation e to either just v on success, or nothing on
an exception:

handler { throw — Ax. Ak. nothing } (A_. just e)

For example using e = perform throw () evaluates to nothing while e = 1 evaluates to just 1.
Reader: In the exception example we just ignored the argument and the resumption of the
operation but the reader effect uses the resumption to resume with a result:

handler { get — Ax. Ak. k1 } (A_. perform get () + perform get ())
Here we handle the get operation to always return 1 so the evaluation proceeds as:

handler { get — Ax. Ak. k 1} (A_. perform get () + perform get ())

+—" handle h - perform get () + perform get ()

—" (Ax. handle h- (O + perform get ()) - x) 1

> handle h- (O + perform get ()) - 1

+—"handle h- (1 + O)-1

—* 2

State: The state effect is more involved with pure effect handlers as we need to return functions
from the operation clauses (essentially as a state monad) (variant 1):

h = { get > Ax. Ak. (Ay. k y y), set = Ax. Ak. (Ay. k() x) }
(handler h (A_. (perform set 21; x « perform get (); (Ay. x + x))) 0

where we assume x < e;; e; as a shorthand for (Ax. e;) e, and e;; e, for (_ « ey; e5).
The evaluation of an operation clause now always return directly with a function that takes the
current state as its input; which is then used to resume with:

(handler h (A_. perform set 21; x « perform get (); (Ay.y + x)))0
" (J 0) - handle h- (O; x « perform get (); (Ay. x + x)) - perform set 21
—* ([ 0): (Ay. k() 21) with k = Ax. handle k- (J; x « perform get (); (Ay.y + x))-x
= (Ay.k()21)0
— k()21
+— (handle k- (; perform get () - () 21
= (Od21)-handle k- ((); perform get ())

— 42

Clearly, defining local state as a function is quite cumbersome, so usually one allows for parame-
terized handlers [Leijen 2016; Plotkin and Pretnar 2013] that keep a local parameter p with their
handle frame, where the evaluation rules become:

phandler h v v —> phandle h v - v ()

phandle h v - E - perform opv— f v vk iff op¢& bop(E) A (op—> f) € h
where k = Ay x. (handle h y - E - x). Here the handler parameter v’ is passed to the operation
clause f and later restored in the resumption which now takes a fresh parameter y besides the
result value x. With a parameterized handler the state effect can be concisely defined as (variant 2):

h={get>Ayxk. kyy, set > Ayxk. kx()}

phandler h 0 (A_. perform set 21; x « perform get (); x + x)
Another important advantage in this implementation is that the state effect is now tail resumptive
which is very beneficial for performance (as shown in the introduction).
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There as yet another elegant way to implement local state by Biernacki et al. [2017], where the
get and set operations are defined in separate handlers (variant 3):

h = {set > Ax k. handler { get > A_k. kx} (A_. k() }
handler h (A_. perform set 42; x « perform get (); x + x)

The trick here is that every set operation installs a fresh handler for the get operation and resumes
under that (so the innermost get handler always contains the latest state). Even though elegant,
there are some drawbacks to this encoding: a naive implementation may use n handler frames for
n set operations, typing this example is tricky and usually requires masking [Biernacki et al. 2017;
Hillerstrom and Lindley 2016], and, as we will see, it does not use scoped resumptions and thus
cannot be used with evidence translation.

Backtracking: By resuming more than once, we can implement backtracking using algebraic
effects. For example, the amb effect handler collects all all possible results in a list by resuming the
flip operation first with a true result, and later again with a false result:

handler { flip — A_ k. xs « k true; ys « k false; xs ++ ys }
(A_. x « perform flip (); y « perform flip (); [x && y])

returning the list [false, false, false, true] in our example. This technique can also be used for
probabilistic programming [Kiselyov and Shan 2009].

Async: We can use resumptions k as first class values and for example store them into a queue to
implement cooperative threads [Dolan et al. 2017] or asynchronous I/O [Leijen 2017b]. Assuming
we have a state handler hgye,e that maintains a queue of pending resumptions, we can implement a
mini-scheduler as:

hasyne = { fork — Af k. perform enqueue k; schedule f ()
yield— A_ k. perform enqueue k; k' < perform dequeue (); k' () }

where enqueue enqueues a resumption k, and dequeue () resumes one, or returns unit () if the queue
is empty. The schedule function runs a new action f under the scheduler handler:

schedule= Af _. handler hggyne (A_. f (); perform dequeue ()
async = Af. handler hyyeue (A_. schedule f ()

The main wrapper async schedules an action under a fresh scheduler queue handler Agyey, which
is shared by all forked actions under it.

2.2 Scoped Resumptions

The ability of effect handlers to capture the resumption as a first-class value is very powerful —
and can be considered as perhaps too powerful. In particular, it can be (ab)used to define handlers
that change the semantics of other handlers that were defined and instantiated orthogonally. Take
for example an operation op, that is expected to always return the same result, say 1. We can now
define another operation op,,; that changes the return value of op, after it is invoked! Consider
the following program where we leave f and h,,; undefined for now:

hy = {op, > Axk.k1}
e = perform op, (); perform op,,; (); perform op; ()
f (handler hy (A_. handler h.y; (A_. €)))
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Even though A is defined as a pure reader effect and defined orthogonal to any other effect, the
op,,; operation can still cause the second invocation of op, to return 2 instead of 1! In particular,
we can define f and A, as 1:

hy = {op, > Ax k. k2}
hevil = { OPeyii = Ax k. k}
f = Ak.handler hy (A_. k ()

The trick is that the handler h,,; does not directly resume but instead returns the resumption k as
is, after unwinding through A it is passed to f which now invokes the resumption k under a fresh
handler h;, for op, causing all subsequent op, operations to be handled by h;, instead.

We consider this behavior undesirable in practice as it limits the ability to do local reasoning.
In particular, a programmer may not expect that calling op,,;; changes the semantics of op;,. Yet
there is no way to forbid it. Moreover, it also affects static analysis and it turns out for example
that efficient evidence translation (with its subsequent performance benefits) is not possible if we
allow resumptions to be this dynamic.

The solution we propose in this paper is to limit resumptions to be scoped only: that is, a

resumption can only be applied under the same handler context as it was captured. The handler context
is the evaluation context where we just consider the handler frames, e.g. for any evaluation context E
of the form F - handle hy - F; - ... - handle h, - F,, the handler context, hctx(E), is Ay - hy - ... - hy,.
In particular, the evil example is rejected as it does not use a scoped resumption: k is captured
under h; but applied under h,.
Our definition of scoped resumption is minimal in the sense that it is the minimal requirement
needed in the proofs to maintain coherence of evidence translation. In this paper, we guarantee
scoped resumptions using a dynamic runtime check in evidence translated programs (called guard),
but it is also possible to check it statically. It is beyond the scope of this paper to give a particular
design, but some ways of doing this are:

e Lexical scoping: a straightforward approach is to syntactically restrict the use of the resump-
tion to be always in the lexical scope of the handler: i.e. fully applied within the operation
clause and no occurrences under a lambda (so it cannot escape or be applied in nested handler).
This can perhaps already cover all reasonable effects in practice, especially in combination
with parameterized handlers?.

e A more sophisticated solution could use generative types for handler names, together with a
check that those types do not escape the lexical scope as described by Zhang and Myers [2019]
and also used by Biernacki et al. [2019] and Brachthéuser et al. [2020]. Another option could
be to use rank-2 types to prevent the resumption from escaping the lexical scope in which
the handler is defined [Leijen 2014; Peyton Jones and Launchbury 1995].

It turns out that the seminal work on algebraic effect handlers by Plotkin and Pretnar [2013] also
used a similar restriction as scoped resumptions, and as such, we believe that scoped resumptions
are closer to the original categorical interpretation of effect handlers. Plotkin and Pretnar use the
first technique to syntactically restrict the use of resumptions under the scope of the operation
clause. Resumptions variables k are in a separate syntactic class, always fully applied, and checked
under a context K separate from I'. However, they still allow occurrences under a lambda, allowing
a resumption to escape, although in that case the evaluation would no longer type check (i.e. there is
no preservation of typings under evaluation). As such it is not quite the same as scoped resumptions:

INote that this example is fine in A€ but cannot be typed in F€ as is — we discuss a properly typed version in Section 4.5.
p. yp properly typ

2The lexical approach could potentially be combined with an “unsafe” resumption that uses a runtime check as done this

article to cover any remaining situations.
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Expressions Values
e u= v (value) v o= x (variables)
| ee (application) | A¢x:0.e (abstraction)
| elo] (type application) | Ak v (type abstraction)
| handle he (handler instance) | handler® h (effect handler)
| perform® opc (operation)

Handlers h
Evaluation Context F

{op, = fi. - 0p, > fu}
O |Fe |vF | Flo]

E == O |Ee|vE |E[o] | handle® hE
(app) (Ax:0.e) v —  e[x=V]
(tapp) (Aak. v) [o] — v[a:=0]
(handler) (handler® h) v —> handle® h-v ()
(return)  handle® h-v — v
(perform) handle® h-E-performopcv — flo]vk iff op¢ bop(E) A (op—f) €h

where op : Va.o; — 0y € 3(])
k = A¢x:0x[a:=c]. handle® h-E - x

Fig. 2. System F€: explicitly typed algebraic effect handlers. Figure 3 defines the types.

it is both more restrictive as it needs k to occur fully applied under an operation clause; but also
more liberal as it allows the separate handler state example (since k can occur under a lambda).

2.3 Expressiveness

Scoped resumptions bring easier-to-reason control flow, and, as we will see, open up new design
space for algebraic effects compilation. However, one might worry about the expressiveness of
scoped resumptions. We believe that all important effect handlers in practice can be defined in
terms of scoped resumptions. In particular, note that it is still allowed for a handler to grow its
context with applicative forms, for example:

handler { tick > Ax k.1 + k() } (A_. tick (); tick (); 1)

evaluates to 3 by keeping (1 + [J) frames above the resumption. In this example, even though the
full context has grown, k is still a scoped resumption as it resumes under the same (empty) handler
context. Similarly, the async scheduler example that stores resumptions in a stateful queue is also
accepted since each resumption still resumes under the same handler context (with the state queue
handler on top). Multiple resumptions as in the backtracking example are also fine.

There are two main exceptions we know of. First, the state variant 3 based on two separate
handlers does not use scoped resumptions since the set resumption resumes always under a handler
context extended with a get handler. However, we can always use, and due to the reasons we have
mentioned we may actually prefer, the normal state effect or the parameterized state effect. Second,
shallow handlers do not resume under their own handler and as a result generally resume under a
different handler context than they captured. Fortunately, any program with shallow handler can
be expressed with deep handlers as well [Hillerstrom and Lindley 2018; Kammar et al. 2013] and
thus avoid the unscoped resumptions.

3 EXPLICITLY TYPED EFFECT HANDLERS IN SYSTEM F¢
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Types Kinds
o = af (type variables of kind k) k == = (value type)
| cfo...0 (type constructor of kind k) | k— k (type constructors)
| 0 > €eo (function type) | eff (effect type (i,€))
| Va*. o (quantified type) | lab (basic effect (1))
Effect signature sig 2= {op, : Vay. 00 > 0], ..., op, : V. 0, — 0}
Effect signatures X = {l cosigy, oo I ozosig, )
Type Constructors () . eff empty effect row (total)
ClD) : lab — eff — eff effect row extension
marker o eff o x> % handler instance marker (m)
evv : eff - = evidence vector (w,z)
ev : lab— =« evidence (ev)
= : x — eff - x function arrow
Syntax By Ly = G Oy
ooy = Gl Gl
€ u= o°ff, I aff,  1u= b
Fig. 3. System F€: types
€126 €e=e€
[REFL] S [EQ-TRANS]
e=e¢ € = €3
ll;tlz €1 =€ €1 =€
[EQ-swar] [EQ-HEAD]
bl e) =, h | e) (lep=le)

Fig. 4. Equivalence of row-types.

To prepare for a type directed evidence translation, we first define a typed version of the untyped
calculus A€ called System F€ — a call-by-value effect handler calculus extended with (higher-rank
impredicative) polymorphic types and higher kinds a la System F,,, and row based effect types.
Figure 2 defines the extended syntax and evaluation rules with the syntax of types and kinds
in Figure 3. System F€ serves as an explicitly typed calculus that can be the target language of
compilers and, for this article, serves as the basis for type directed evidence translation.

Being explicitly typed, we now have type applications e[o] and abstractions Aa*. v. Also,
A€ x:0.¢, handle h e, handler® h, and perform® op o all carry an effect type €. Effect types are
(extensible) rows of effect labels [ (like exn or state). In the types, every function arrow o1 — € o,
takes three arguments: the input type oy, the output type o2, and its effects € when it is evaluated.

Since we have effect rows, effect labels, and regular value types, we use a basic kind system to
keep them apart and to ensure well-formedness () of types (as defined in the Appendix).

3.1 Effect Rows

An effect row is either empty () (the total effect), a type variable p (of kind eff), or an extension
(| €) where € is extended with effect label I. We call effects that end in an empty effect closed, i.e.
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(L, . .., In); and effects that end in a polymorphic tail open, i.e. (I, .. ., I, | ). Following Biernacki et
al. [2017] and Leijen [2014], we use simple effect rows where labels can be duplicated, and where an
effect (I, I) is not equal to (/). We consider rows equivalent up to the order of the labels as defined in
Figure 4. There exists a complete and sound unification algorithm for these row types [Leijen 2005]
and thus these are also very suitable for Hindley-Milner style type inference.

We consider using simple row-types with duplicate labels a suitable choice for a core calculus
since it extends System F typing seamlessly as we only extend the notion of equality between
types. There are other approaches to typing effects but all existing approaches depart from standard
System F typing in significant ways. Row typing without duplicate labels leads to the introduction
of type constraints, as in T-REX for example [Gaster and Jones 1996], or kinds with presence
variables (Rémy style rows) as in Links for example [Hillerstrom and Lindley 2016; Rémy 1994].
Another approach is using effect subtyping [Bauer and Pretnar 2014] but that requires a subtype
relation between types instead of simple equality.

The reason we need equivalence between row types up to order of effect labels is due to poly-
morphism. Suppose we have two functions that each use different effects:

fi iV O =l O fo:Vu. O =<k p 0

We would still like to be able to express choose fi f, where choose: Ya. @ — a — «a. Using row
types we can type this naturally as:

Apr. choose[() = (b, b | ) O] (il | D) (2[<h | D)

where the types of the arguments are now equivalent (; | (I | ;1)) = (2 | (1 | p)) (without needing
subtype constraints or polymorphic label flags).

Similarly, duplicate labels can easily arise due to type instantiation. For example, a catch handler
for exceptions can have type:

catch : Y a. () > exn | gy @) — (string > pa) > pa

where catch takes an action that can raise exceptions, and a handler function that is called when
an exception is caught. Suppose though an exception handler raises itself an exception, and has
type h : Vp. string — {exn | p) int. The application catch action h is then explicitly typed as:

Ap. catch[{exn | p), int] action h[u]
where the type application gives rise to the type:
catch[(exn | p), int] : (() — (exn,exn | p) int) — (string — {exn | ) int) — {exn | py int

naturally leading to duplicate labels in the type. As we will see, simple row types also correspond
naturally to the shape of the runtime evidence vectors that we introduce in Section 4.1 (where
duplicated labels correspond to nested handlers).

3.2 Operations

We assume the every effect [ has a unique set of operations op; to op, with a signature sig that gives
every operation its input and output types, op; : V@;. o; = o/. There is a global map ¥ that maps
each effect [ to its signature. Since we assume that each op is uniquely named, we use the notation
op : Ya. o1 — 0, € X(I) to denote the type of op that belongs to effect I, and also op € 3(I) to
signify that op is part of effect I.

Note that we allow operations to be polymorphic. Therefore perform op o v contains the in-
stantiation types o which are passed to the operation clause f in the evaluation rule for (perform)
(Figure 2). This means that operations can be used polymorphically, but the handling clause itself
must be polymorphic in the operation types (and use them as abstract types).

10
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3.3 Quantification and Equivalence to the Untyped Dynamic Semantics

We would like the property that if we do type erasure on the newly defined System F¢ we have the
same semantics as with the untyped dynamic semantics, i.e.

Theorem 1. (System F¢ has untyped dynamic semantics)
If e — e; in System F¢, then either e — ¢ or e] = ¢;.

where e* stands for the term e with all types, type abstractions, and type applications removed.
This seem an obvious property but there is a subtle interaction with quantification. Suppose we
(wrongly) allow quantification over expressions instead of values, like Aa. e, then consider:

h={tick=>2x:0k:(0— Oint).1 + k(O }
handle h (Ax:Va. int. x[int] + x[bool]) (Aa. tick (); 1))

In the typed semantics, this would evaluate the argument x at each instantiation (since the whole
Aa. tick (); 1is passed as a value), resulting in 4. On the other hand, if we do type erasure, the
untyped dynamic semantics evaluates to 3 instead (evaluating the argument before applying). Not
only do we lose untyped dynamic semantics, but we also break parametricity (as we can observe
instantiations). So, it is quite important to only allow quantification over values, much like the ML
value restriction [Kammar and Pretnar 2017; Pitts 1998; Wright 1995]. In the proof of Theorem 1
we use in particular the following (seemingly obvious) Lemma:

Lemma 1. (Type erasure of values)
If v is a value in System F€ then v* is a value in A°.

Not all systems in the literature adhere to this restriction; for example Biernacki et al. [2017]
and Leijen [2016] allow quantification over expressions as A«. e, where both ensure soundness
of the effect type system by disallowing type abstraction over effectful expressions. However, we
believe that this remains a risky affair since Lemma 1 does not hold; and thus a typed evaluation
may take more reduction steps than the type-erased term, i.e. seemingly shared argument values
may be computed more than once.

3.4 Type Rules for System F¢

Figure 5 defines the typing rules for System F€. The rules are of the formI';w  e: o | e ~» ¢
for expressions where the variable context I' and the effect € are given (T), and o is synthesized (]).
The gray parts define the evidence translation which we describe in Section 4 and these can be
ignored for now. Values are not effectful, and are typed as Tk v : 0 ~> v'. Since the effects are
inherited, the lambda needs an effect annotation that is passed to the body derivation (ass). In the
rule app we use standard equality between types and require that all effects match. The var rule
goes from a value to an expression (opposite of aBs) and allows any inherited effect. The HANDLER
rule takes an action with effect (I | €) and handles [ leaving effect €. The HANDLE rule is similar, but
is defined over an expression e and types e under an extended effect (I | e) in the premise.

In the Appendix, there are type rules for evaluation contexts whereI' k. E : 07 — 03 | € signifies
that a context E can be typed as a function from a term of type o to o, where the resulting expression
has effect €. These rules are not needed to check programs but are very useful in proofs and theorems.
In particular,

Lemma 2. (Evaluation context typing)
IfOre E:01 >0y | € and@ F e: 01| (E]' | €),then @ + E[e] : 0y | €.

where [E]! extracts all labels [ from a context in reverse order:

[Fo - handle hy - Fy - ... handle by, - Fu]! = (l ..., L)

11
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T;w bk e:ole ~é Tha v:o ~V Lhops h:o|l]le ~ R
() Tl 7 Tl 1 7 Tl
FEV FE FE'V FE FE'V FE FE'V
x:0 €T
[var] Ix:01;2+ e:0p]|€ ~¢€ freshz

'ka x:0 ~x

I ha ASx:07.e: 01 >0y ~A°z:evwe, x:[oq]. €
Tha v:io ~V

VAL . ’
Fiywrkrv:o|le ~»V L] [ ha v:o =Y [TaBs]
[ ha Adk. v :Vak. o ~ Aak. v/
Iiwtr e :op—>eo|e ~ e
Tiw bk oe:op|e we T;wr e:Vak. o |e e  ryro:k
[arp] [Tarp]
iwhkee:o|le we we I;w b elo] : oila=c]]|e ~ €[[a]]
op:Va.op >0y, €3() @ ¢ ftv(l)
— — — — [PERFORM]
T ka perform® opo : oila=c] — (| €) ox[a:=c] ~> perform® op T
op; : Ya;,. o1 > 0y € 2(1) a N ﬁIV(E O')
I'ha fi:Va. oy —>€((0p—€0)—ea) ~ f (ors]
oPS
Trops {0py = fis o cnop,—=fa}io|lle ~{op,—f}
Thops h:o|lle ~h
[HANDLER]
I ko handler® h: () > { | €) 0) > € 0 ~ handler® K
Chops h:o|lle ~h  Ti{l:(mbh)|w) re:0[|e) ~¢€
[HANDLE]

I'; w + handle® he: 0| e ~ handle;, b’ ¢

Fig. 5. Type Rules for System F¢ combined with type directed evidence translation to F®” (in gray.)

with [; corresponding to each h; (for any op € h;, op € 3(1;)). The above lemma shows we can plug
well-typed expressions in a suitable context. The next lemma uses this to show the correspondence
between the dynamic evaluation context and the static effect type:

Lemma 3. (Effect corresponds to the evaluation context)
If@ + Ele] : o | € then there exists oy suchthat @ kee E: 07y = 0 | €,and@ F e : o1 | {E]* | €) .

Here we see that the rules guarantee that exactly the effects [E]’ in e are handled by the context E.

3.5 Progress and Preservation

We establish two essential lemmas about the meaning of effect types. First, in any well-typed total
System F€ expression, all operations are handled (and thus, evaluation cannot get stuck):

Lemma 4. (Well typed operations are handled)
If @ + E[perform opa v] : o | () then E has the form E; - handle® h - E; with op ¢ bop(E;) and
op—f €h.

Moreover, effect types are meaningful in the sense that an effect type fully reflects all possible
effects that may happen during evaluation:

12
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589

590 Expressions Values

591 e u= W (value) v ou= X (variables)

592 | e[o] (type application) | A°z:evve,x:0.e (evidence abstraction)
593 | ewe (evidence application) | Aak. v (type abstraction)

594 | handle) he  (handler instance) | handler® h (effect handler)

595 | perform® opc (operation)

596 | guard” E o (guarded abstraction)
597

508 (app) (A€z:evve, x:0.e) wv —  e[z=w, xi=V]

599 (tapp) (Aak. v) [o] — v[a:=0]

600 (handler) (handler® h) wv — handle;, h (v {l:(m, h) | w) ()

601 where mis unique and h € X(I)

602 (return)  handle) h-v — v

603 (perform) handle) h-E-perform® opow'v — flolwvwk iff opg bop(E) A (op—f) €h
604 where op : Va. o1 — oy € 3())

605 k = guard” (handle) h-E) (oz[a:=0])
606 (guard)  (guard"Eo) wv — E[v]

62; Fig. 6. System F¢’ Typed operational semantics with evidence
6

609

610 Lemma 5. (Effects types are meaningful)

611 If @ + E[performopc v] : o | € with op ¢ bop(E), then op € X(I)and | € ¢, i.e. effect types can-
612 not be discarded without a handler.

o Using these Lemmas, we can show that evaluation can always make progress and that the typings

614 . .
are preserved during evaluation.

615
616  Theorem 2. (Progress)

617 I+ e : o] () then either e is a value, or e; — es.

618
Theorem 3. (Preservation)

619
Ifo + e :0|{)ande > e, thend + e : o | ().

620
621
2 4 POLYMORPHIC EVIDENCE TRANSLATION TO SYSTEM F*”
623 Having established a sound explicitly typed core calculus, we can now proceed to do evidence
624 translation. The goal of evidence translation is to pass down evidence ev of the handlers in the
625  evaluation context to place where operations are performed. This will in turn enable other op-
626  timizations (as described in Section 6) since we can now locally inspect the evidence instead of
627 searching in the dynamic evaluation context.
628 Following Brachthiuser and Schuster [2017], we represent evidence ev for an effect [ as a pair
629 (m, h), consisting of a unique marker m and its corresponding handler implementation h. The
630  markers uniquely identify each handler frame in the context which is now marked as handle,, h. The
631 reason for introducing the separate handler h construct is now apparent: it instantiates handle,, h
632 frames with a unique m. This representation of evidence allows for two important optimizations: (1)
633 We can change the operational rule for perform to directly yield to a particular handler identified
63¢ by m (instead of needing to search for the innermost one), shown in Section 5.1, and (2) It allows
635 local inspection of the actual handler s so we can evaluate tail resumptive operations in place,
636 shown in Section 6.
637

13
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However, passing the evidence down to each operation turns out to be surprisingly tricky to get
right and we took quite a few detours before arriving at the current solution. At first, we thought
we could represent evidence for each label [ in the effect of a function as separate argument ev;.
For example,

fis Vuoint — (| gy int = Ap. Ax. perform op; x
would be translated as:

i Vuevi—int = (| p) int = Ap. Aev. Ax. perform op; ev x
This does not work though as type instantiation can now cause the runtime representation to
change as well! For example, if we instantiate p to (I;) as f[{l;)] the type becomes int — (I}, L) int
which now takes two evidence parameters. Even worse, such instantiation can be inside arbitrary
types, like a list of such functions, where we cannot construct evidence transformers in general.

Another design that does not quite work is to regard evidence translation as an instance of
qualified types [Jones 1992] and use a dictionary passing translation. In essence, in the theory of
qualified types, the qualifiers are scoped over monomorphic types, which does not fit well with
effect handlers. Suppose we have a function foo with a qualified evidence types as:

foo : Evli = (int — (L) int) — (L) int
Note that even though foo is itself qualified, the argument it takes is a plain function int — () int
and has already resolved its own qualifiers. That is too eager for our purposes. For example, if
we apply foo (fi[{)]), under dictionary translation we would get foo ev; (fi[({)] ev;). However, it
may well be that foo itself applies f; under a new handler for the [; effect and thus needs to pass
different evidence than ev,! Effectively, dictionary translation may partially apply functions with
their dictionaries which is not legal for handler evidence. The qualified type we really require for
foo uses higher-ranked qualifiers, something like Ev [} = (Ev L = int — () int) — () int.

4.1 Evidence Vectors

The design we present here instead passes all evidence as a single evidence vector to each (effectful)
function: this keeps the runtime representations stable under type instantiation, and we can ensure
syntactically that functions are never partially applied to evidence.

Figure 6 defines our target language F® as an explicitly typed calculus with evidence passing.
All applications are now of the form e; w e; where we always pass an evidence vector w with the
original argument e,. Therefore, all lambdas are of the form A€ z:evv €, x: 0. e and always take
an evidence vector z besides their regular parameter x. We also extend application forms in the
evaluation context to take evidence parameters. The double arrow notation is used do denote the
type of these “tupled” lambdas:

01 = €0y = €VVE — 0] — €0y

During evidence translation, every effect type € on an arrow is translated to an explicit runtime
evidence vector of type evv €, and we translate type annotations as:

[1:0—>0
[Va.o] = Va. [o] [a] =«
[1 > en]=[n]l= elr] [cri...t]= cfn]... [zl

Evidence vectors are essentially a map from effect labels to evidence. During evaluation we need to
be able to select evidence from an evidence vector, and to insert new evidence when a handler is
instantiated, and we define the following three operations:

() s evv () (empty evidence vector)
1 s Vpew (| py —evl (select evidence from a vector)
(lrev|w) :Vu.evl—oevwpu—evw{|p (evidence insertion)

14
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Where we assume the following two laws that relate selection and insertion:

(l:ev| w).l= ev
(U:ev|wyl= wl iffl#l

Later we want to be able to select evidence from a vector with a constant offset instead of searching
for the label, so we are going to keep them in a canonical form ordered by the effect types I, written
as (l :evy, ..., I, : ev,) with every I; < [;;1. We can now define {/: ev | w) as notation for a vector
where evidence ev was inserted in an ordered way, i.e.

(I:_ |y :Vp.evi—ewpu—ew{|pw

(L:ev] ) = (l:ev)

(Liev|{U':ev, wh))= (U':ev', {l:ev| w))iff [>T
(Liev|(U':ev, w))= (l:iev, ':ev', w) iff I/

Note how the dynamic representation as vectors of labeled evidence nicely corresponds to the
static effect row-types, in particular with regard to duplicate labels, which correspond to nested
handlers at runtime. Here we see why we cannot swap the position of equal effect labels as we need
the evidence to correspond to their actual order in the evaluation context. Inserting all evidence in
a vector wy into another vector w, is defined inductively as:

(O | wa2) = wp
(l:ev, wi) | wo)= (L:ev | {wi | wa))

and evidence selection can be defined as:

d:Vuew |y —evl

zl: ev,_».l = ev
(U:ev,wh.l= w.l iff [0
(). = (cannot happen)

4.2 Evidence Translation

The evidence translation is already defined in Figure 5, in the gray parts of the rules. The full rules
for expressions are of the formI'; w + e : 0 | € ~» ¢’ where given a context I', the expression e
has type o with effect €. The rules take the current evidence vector w for the effect €, of type evv e,
and translate to an expression e’ of System F¢.

The translation in itself is straightforward where we only need to ensure extra evidence is passed
during applications and abstracted again on lambdas. The ass rule abstracts fully over all evidence
in a function as A°z:evv €, x:07. €/, where the evidence vector is abstracted as z and passed to its
premise. Note that since we are translating, z is not part of I here (which scopes over F¢ terms).
The type rules for F*”, discussed below, do track such variables in the context. The dual of this is
rule app which passes the effect evidence w as an extra argument to every application as e; w e;.

To prove preservation and coherence of the translation, we also include a translation rule for
handle, even though we assume these are internal. Otherwise there are no surprises here and the
main difficulty lies in the operational rules, which we discuss in detail in Section 4.4.

To prove additional properties about the translated programs, we define a more restricted set of
typing rules directly over System F¢ in Figure 9 of the form I'; w I e : ¢ | € (ignoring the gray
parts), such that ' + w : evv ¢, and where the rules are a subset of the general typing rules for F€.
Using this, we prove that the translation is sound:

Theorem 4. (Evidence translation is Sound in F€)

;) re:oa|{) ~e'then;{) IF ¢ : [o]] ).

15
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736 4.3 Correspondence

737 The evidence translation maintains a strong correspondence between the effect types, the evidence

vectors, and the evaluation contexts. To make this precise, we define the (reverse) extraction of all
handlers in a context E as [E] where:

738
739
740

- [Fy-handley, hy-...-F,-handle,, hy,-F] = {L:(mp hy) | ... | L:(my, hy) | ))
0 [Fy - handley, Ay - ... F,-handley, h,-F1' = (@, ..., L)
4 [Fy - handley, hy-...-F,-handle,, h,-F]™= {m,, ..., m}

744 With this we can characterize the correspondence between the evaluation context and the evidence
745 used at perform:

7" Lemma 6. (Evidence corresponds to the evaluation context)

If o;w Ik E[e] : o | e then for some oy we have @; ([E] | w) IF e : oy | (E]* | €),
and;w lF E: 0y >0 e

747
748
749

750 Lemma 7. (Well typed operations are handled)
751 If@; () IF E[perform op o v] : o | () then E has the form E; - handle,, h - E; with op ¢ bop(E;)
752 andop — f € h.

" These brings us to our main theorem which states that the evidence passed to an operation

s corresponds exactly to the innermost handler for that operation in the dynamic evaluation context:

755
756 Theorem 5. (Evidence Correspondence)

757 £ @) I+ E[performopc wwv] : o | () then E has the form E; - handlex/ h- E; with op ¢ bop(E2),
758 op — f € h,and the evidence corresponds exactly to dynamic execution context such that w.I = (m, h).
759

760 4.4 Operational Rules of System F¢”

" The operational rules for System F¢¥ are defined in Figure 6. Since every application now always

takes an evidence vector argument w the new (app) and (handler) rules now only reduce when
both arguments are present (and the syntax does not allow for partial evidence applications).

The (handler) rule differs from System F€ in two significant ways. First, it saves the current
evidence in scope (passed as w) in the handle frame itself as handle},. Secondly, the evidence vector
it passes on to its action is now extended with its own unique evidence, as {I: (m, h) | w).

In the (perform) rule, the operation clause (op — f) € his now translated itself, and we need to
pass evidence to f. Since it takes two arguments, the operation payload x and its resumption k,
the application becomes (f[c] w x) w k. The evidence we pass to f is the evidence of the original
handler context saved as handle™ in the (handler) rule. In particular, we should not pass the evidence
w’ of the operation, as that is the evidence vector of the context in which the operation itself
evaluates (and an extension of w). In contrast, we evaluate each clause under their original context
and need the evidence vector corresponding to that. In fact, we can even ignore the evidence vector
w’ completely for now as we only need to use it later for implementing optimizations.

762
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766
767
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770
771
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773
774
775
776

- 4.5 Guarded Context Instantiation and Scoped Resumptions

The definition of the resumption k in the (perform) rule differs quite a bit from the original definition
in System F€ (Figure 2), which was:

778
779
780 k = A¢x:03[a:=c]. handle® h-E- x
ZZ; while the F¢¥ definition now uses:
783 k = guard” (handle}, h-E) (oz[a:=0])
784
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where we use a the new F¢” value term guard” E o. Since k has a regular function type, it now
needs to take an extra evidence vector, and we may have expected a more straightforward extension
without needing a new guard rule, something like:

k = A¢z:evve, x:05[ai=0]. handle® h-E - x
but then the question becomes what to do with that passed in evidence z? This is the point where
it becomes more clear that resumptions are special and not quite like a regular lambda since they
restore a captured context. In particular, the context E that is restored has already captured the
evidence of the original context in which it was captured (as w), and thus may not match the evidence
of the context in which it is resumed (as z)!

The new guarded application rule makes this explicit and only restores contexts that are resumed
under the exact same evidence, in other words, only scoped resumptions are allowed:

(guard” E o) wv — E[v]

If the evidence does not match, the evaluation is stuck in F¢".

As an example of how this can happen, we return to our evil example in Section 2.2 which uses
non-scoped resumptions to change the meaning of op;. Since we are now in a typed setting, we
modify the example to return a data type of results to make everything well-typed:

data res = again : (() — (one) res) — res

| done : int — res

X ={one:{op, : ()—int}, evil : {op,; : 0—=0}}
with the following helper definitions:

h {opy = Axk. k1} f (again k)= handler hy (A_. k()); 0

hy {opy = Axk. k2} f (done x) = x

hevii= { op,,; = Ax k. (again k) }

body = perform op, (); perform op,,; (); perform op, (); done 0
and where the main expression is evidence translated as:

f (handler hy (A_. handler heyy (A_. body)))

~ f () (handler hy () (Az,_. handler h,y; z

(Az:evv (one, evil), _. perform op, z (); perform op,,; z (); perform op, z (); done 0)))

Starting evaluation in the translated expression, we can now derive:

—* () - handle,(;l)1 hy - handlep,, heyir - (O; perform op; wy (); done 0) - perform op,.,; w2 ()

with w; = (one:(my, hy)), wo = {evil: (my, hey), one: (myq, hy))
—* () - handlefn)1 hi - (Az x z k. (again k)) w1 () wy k
with k = guard™ (handlep, heyi - (O; perform op; w, (); done 0))

—* () - handle,(,,)1 hy - (again k)

—" f () (again k)

+— handler hy () (Az _. k z())

+—" handlel) hy - kws () with wy = (one:(ms, hy))

= handle,(n)3 hy - guard™ (handley,, heyi - O; perform op; w; (); done 0) ws ()
At this point, the guard rule gets stuck as we have captured the context originally under evidence
wy, but we try to resume with evidence ws, and w; = (one:(my, h1)) # {one:(ms, hy)) = ws.

If we allow the guarded context instantiation anyways we get into trouble when we try to
perform op; again:

— handle,(,,)3 hy - handley! heyr - () ; perform op; w; (); done 0)

—* handle,(,,)3 hy - handley! heyy - (O; done 0) - perform op; w; ()

17
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834 in that case the innermost handler for op, is now h; while the evidence w;.l is (my, by) and it
835 no longer corresponds to the dynamic context! (and that would void our main correspondence
836 Theorem 5 and in turn invalidate optimizations based on this).

837

g3 4.6 Uniqueness of Handlers

839 It turns out that to guarantee coherence of the translation to plain polymorphic lambda calculus,
840 as discussed in Section 5, we need to ensure that all m’s in an evaluation context are always
841 unique. This is a tricky property; for example, uniqueness of markers does not hold for arbitrary
842 F® expressions: markers may be duplicated inside lambdas outside of the evaluation context, and
843 we can also construct an expression manually with duplicated markers, e.g. handle;, - handle;, - e.
844  However, we can prove that if we only consider initial F®’ expressions without handle},, or any
845 expressions reduced from that during evaluation, then it is guaranteed that all m’s are always
846 unique in the evaluation context — even though the (handler) rule introduces handle;, during

847 evaluation, and the (app) rule may duplicate markers.

" Definition 1. (Handle-safe expressions)

A handle-safe F® expression is a well-typed closed expression that either (1) contains no handle},
term; or (2) is itself reduced from a handle-safe expression.

849
850
851

852 Theorem 6. (Uniqueness of handlers)

853 For any handle-safe F®” expression ¢, if e = E; - handlem1 h-Ey- handleﬁz2 h- ey, then m; # my.
854
855 4.7 Preservation and Coherence

856 . . . . . .
As exemplified above, the guard rule is also essential to prove the preservation of evidence typings

857 . .
under evaluation. In particular, we can show:

858
gso  Theorem 7. (Preservation of evidence typing)
ss0 HD{)IF e :0|()ande > ey, then T;{) Ik e : o | ).

861 pe pe Even more important though is to show that our translation
862 € > € > € is coherent, that is, if we take an evaluation step in System
863 é F€, the evidence translated expression will take a similar
804 ¢ step such that the resulting expression is again a translation
865 2 of the reduced F¢ expression:

::: € i} ey Theorem 8. (Evidence translation is coherent)

568 ~ & If @;() + e :0]() ~ e and e+ e, and (due to
560 ¢ AN e/ . e preservation) &;{) + e; : o | () ~> e}, then exists a e},
570 such that e] — e}/ and e/ = e;.

871 stuck Interestingly, the theorem states that the translated e} is
872 Fig. 7. Coherence only coherent under an equlvalfence relat'lon. =~ relation
873 to the reduced expression e, as illustrate in Figure 7. The

g74  reason that ej and e’ are not directly equal is due to guard expressions only being generated by
875 reduction. In particular, if we have a F€ reduction of the form:

876 handle® h-E-performopocv— fovk withk = A°x:0’. handle® h-E - x

7" then the translation takes the following F¢" reduction:

5 handley h-E’ - performop [o] W' v/ — f’ [o] wv' wk’ with k¥’ = guard™ (handle,, b’ - E’) ¢’
gso At this point the translation of f & v k will be of the form f’ [c] w’ v w’ k’” where

881 k" = A¢z:evve,x. handle* W -E” - x

882

878

18
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Expressions e == wv|ee]e[o] Context F =:= [ |Fe |vF | F[o]
Values v u= x| Ax:o.e|Aak. v E == F
(app) (A¢x:0.e) v—> e[x:=V]
(tapp) (AaF. v) [6] — v][a=0]
x:0 €T Trev:o I'x:01 FF € : 0y
[Fvar] [FTaBs] [FaBs]
't x° : 0 T e Ak v :Vak. o T'bp Ax:01.e: 07 = 0y
F'tpege:op—>0 Tre:o Frr e:Vakoy ok
[rarp] [FTapp]
F'tr erep: 0 T +e e[o] : or[a=0]

Fig. 8. System F": explicitly typed (higher kinded) polymorphic lambda calculus with strict evalua-
tion. Types as in Figure 3 with no effects on the arrows.

i.e. the resumption k is translated as a regular lambda now and not as guard! Also, since E is
translated now under a lambda, the resulting E’” differs in all evidence terms w in E’ which will be
z instead.

However, we know that if the resumption k’ is ever applied, the argument is either exactly w,
in which case E”’[zz=w] = E’, or not equal to w in which case the evidence translated program
gets stuck. This is captured by = relation which is the smallest transitive and reflexive congruence
among well-typed F¢” expressions, up to renaming of unique markers, satisfying the eg-cuaro rule,
which captures the notion of guarded context instantiation.

e[z=w] = E[x]

- — [EQ-GuarD]
Az,x:0.e = guard Eo

Now, is this definition of equivalence strong enough? Yes, because we can show that if two translated
expressions are equivalent, then they stay equivalent under reduction (or get stuck):

Lemma 8. (Operational semantics preserves equivalence, or gets stuck)
If e; = ey, and e; — e}, then either e; is stuck, or we have e; such that e, — e; and e] = e;.

This establishes the full coherence of our evidence translation: if a translated expression reduces
under F® without getting stuck, the final value is equivalent to the value reduced under System F€.
Moreover, the only way an evidence translated expression can get stuck is if it uses non-scoped
resumptions.

Note that the evidence translation never produces guard terms, so the translated expression can
always take an evaluation step; however, subsequent evaluation steps may lead to guard terms, so
after the first step, it may get stuck if a resumption is applied under a different handler context
than where it was captured.

5 TRANSLATION TO CALL-BY-VALUE POLYMORPHIC LAMBDA CALCULUS

Now that we have a strong correspondence between evidence and the dynamic handler context, we
can translate System F¢¥ expressions all the way to the call-by-value polymorphic lambda calculus,
System F". This is important in practice as it removes all the special evaluation and type rules
of algebraic effect handlers; this in turn means we can apply all the optimizations that regular
compilers perform, like inlining, known case expansion, common sub-expression elimination etc.
as usual with needing to keep track of effects. Moreover, it means we can compile directly to most
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Fyw;,w IF e :ole ~é IF'iRa v :o ~ Llps h:o|l]le ~H

T Tl ! T T 1 ! ) Tl L !

FEV FV FCV FV FEV F'V FE'V F'V

x:0 €T (T,z:evwwe,x:01); z;21F e oy e ~ €

[MvaR] [MaBs]
IF'ka x:0 ~x I'lha Az:evwe, x:01.e:01= €0y ~ Azx. €
IF'hag v:io ~V Tlhag v:o ~V
[MTABS] [Mvar]
I'lha Aa.v:VYa.o ~ Aa. v Liwiw' I v:o|e ~ pure[lo]] v
Tyw;w IF e:Va.op|e ~ ¢
[MTAPP]
L;wiw' IF elo] : or[a:=c] | € ~» € > (Ax. pure (x[Lo]]))
Liwsw |- e :0y= eole we Tiww |- e:oy|e v
[Marpp]
Diwsw |- egwey : o |e ~ e >(Af. (e > f w))
Fiwiw lbee E: 01— 0y]|€e e Tlha w:ewe ~»w
[MGuaRrD]
T IR guard”Eoy : 01 = €0y ~> guard w' e
op : Ya. o1 — gz € X(])
= — — —— [MPERFORM]
T Ika perform® op o : oi[a:=c]= (| €) oz[a:=0] ~ perform®[{l | €), |7 ]]
op, : Va. o1 = oz €3(]) @ ( ftv(e o)
I'ka fi: Va.o1= €(0;=> €0)= €0 ~ f/
[mops]

[lps {opy = fi, oo op, = fatiollle ~{op,—=f,...op,—=fi}

[lrops h:ollle ~H
T I handler h: (0= (| €)0)= e€o ~ handler'[e, |c]|] I

[MHANDLER]

Dlps h:o|l]le ~h" Ti{l:(mh)| wh;{l:(m, k") | w') IFe:a|(]e) ~¢

I;w;w' IF handle) he: o|e ~> promptle, |o]] m w e

Fig. 9. Monadic translation to System-F". ((>>) is monadic bind).

common host platforms, like C or WebAssembly without needing a special runtime system to
support capturing the evaluation context.

There has been previous work that performs such translation [Forster et al. 2019; Hillerstrém et
al. 2017; Leijen 2017c], as well as various libraries that embed effect handlers as monads [Kammar
et al. 2013; Wu et al. 2014] but without evidence translation such embeddings require either a
sophisticated runtime system [Dolan et al. 2017 2015; Leijen 2017a], or are not quite as efficient
as one might hope. The translation presented here allows for better optimization as it maintains
evidence and has no special runtime requirements (it is just F!).

20
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981 5.1 Translating to Multi-Prompt Delimited Continuations

%2 As a first step, we show that we do not need explicit handle frames anymore that carry around the

handler operations A, but can translate to multi-prompt delimited continuations [Brachthduser and
Schuster 2017]. Gunter, Rémy, and Riecke [1995] present the set and cupto operators for named
prompts m with the following “control-upto” rule:

983
984
985
986
087 set min-E-cuptomasxine— (Ak.e) (Ax.E-x) m ¢ [E]™

988 This effectively exposes “shallow” multi-prompts: for our purposes, we always need “deep” handling
989 where the resumption evaluates under the same prompt again and we define:

990 = i
prompt, e= set mine

91 yield,, f = cupto mas kin (f (Ax. set min (k x)))
992
403  Which gives us the following derived evaluation rule:

994 prompt,, - E - yield,, f — f (Ax. prompt,, -E-x) m ¢ [E]™

% This is almost what we need, except that we need a multi-prompt that also takes evidence w into

% account and uses guard instead of a plain lambda to apply the resumption, i.e.:

997
995 prompt), - E - yield,, f — f w(guard™ (prompt}, -E)) m & [E]™

999 Using the correspondence property (Theorem 5), we can use the evidence to inspect the handler
1000 Jocally at the perform and no longer need to keep it in the handle frame. We can now translate

1001 both perform op v w and handle}, h in terms of the simpler yield,, and prompt},, as:

100z [handle}, k] = prompt},

[perform op w’ v]= vyield,, Awk. f wvwk) with(mh) = w'.l and(op—f) €h

1003

1004
100s We prove that this is a sound interpretation of effect handling:

1006 Theorem 9. (Evidence Translation to Multi-Prompt Delimited Continuations is Sound)

1007 For any evaluation step e; — e, we also have [e;] —" [e;].

" Dolan et al. [2015] describe the multi-core OCaml runtime system with split stacks; in such setting

we could use the pointers to a split point as markers m, and directly yield to the correct handler
with constant time capture of the context. Even with such runtime, it may still be beneficial to do a
monadic translation as well in order to be able to use standard compiler optimizations.

1009
1010
1011
1012
1013

5.2 Monadic Multi-Prompt Translation to System F”
1014

With the relation to multi-prompt delimited control established, we can now translate F¢’ to F¥ in
a monadic style, where we use standard techniques [Dyvbig et al. 2007] to implement the delimited
control as a monad. Assuming notation for data types and matching, we can define a multi-prompt
monad mon as follows:

1015
1016
1017

1018
1019 datamonpa =

1020 | pure : @ > monpa

1021 | yield : VB r p’. marker o’ r — ((f — mon y’ r) — mon u’ r) — (mon g f — mon y ) — mon p «

1022
pure x = purex

yield m clause= vyield m clause id

1023
1024
1025 The pure case is used for value results, while the yield implements yielding to a prompt. A
1026 yield m f cont has three arguments, (1) the marker m : marker y’ r bound to a prompt in some
1027 context with effect y” and answer type r; (2) the operation clause which receives the resumption
1028 (of type B — mon p’ r) where f is the type of the operation result; and finally (3) the current
1029
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continuation cont which is the runtime representation of the context. When binding a yield, the
continuation keeps being extended until the full context is captured:

(fog)x = f(gx) (function composition)
(feg)x =gxpf (Kleisli composition)
(pure x)> g =gx (monadic bind)

(yield m f cont) > g= vyield m f (g * cont)

The hoisting of yields corresponds closely to operation hoisting as described by Bauer and Pret-
nar [2015]. The prompt operation has three cases to consider:

prompt : Ypa.markerpa - evwwpy— mon{l| p) a - monpa
prompt m w (pure x) = pure x
prompt m w (yield m’ f cont)= yield m’ f (prompt m w o cont) if m#m’

prompt m w (yield m f cont) = f w (guard w (prompt m w o cont))

In the pure case, we are at the (value) rule and return the result as is. If we find a yield that yields
to another prompt we also keep yielding but remember to restore our prompt when resuming in its
current continuation, as (prompt m w o cont). The final case is when we yield to the prompt itself,
in that case we are in the (yield) transition and continue with f passing the context evidence w
and a guarded resumption.

The guard operation simply checks if the evidence matches and either continues or gets stuck:

guard wy cont wy, x= if (w; == w,) then cont (pure x) else stuck

Note that due to the uniqueness property (Theorem 6) we can check the equality w; == w; efficiently
by only comparing the markers m (and ignoring the handlers). The handle and perform can be
translated directly into prompt and yield as shown in the previous section, where we generate a
handler' definition per effect [, and a perform® for every operation:

handler" s Yy a. hnd! pa—ewp—(ew{|p—->(O)—>mon{|pa)— monpua
perform® sVYupa.ew {{| py — o1 — mon {{| u) o, with op :Ya. o1 — 0 € 2())
handler' h w f= freshm (Am — prompt m w (f {I:(m, h) | w) ()))

perform® wx = let (m,h) = w.lin yield m (Aw k. (h.op) w x> (Af. f w k)))

The handler creates a fresh marker and passes on new evidence under a new prompt. The perform
can now directly select the evidence (m, h) from the passed evidence vector and yield to m directly.
The function passed to yield is a bit complex since each operation clause is translated normally and
has a nested monadic type, i.e. evv € — mon € ((f — mon € r) — mon € r), so we need to bind the
first partial application to x before passing the continuation k.

Finally, for every effect signature [ : sig € 3 we declare a corresponding data type hnd' e r that
is a record of operation clauses:

IL:{op :Vaj.o1 >0, ..., 0p, : V. 0n >0, }
~~ data hnd! i r = hndl{oplz\%&l.opolol’,ur, .. 0p, :Vap.opo,o,pur}

where operations op are a type alias defined as:

aliasopa fur = ewwpy— a— mon(evwpu — (evwuy — f— monpur)— monpr)

3Typing the third case needs a dependent match on the markers m’ : marker y’ r and m = marker y & where their
equality implies 4 = p’ and r = «. This can be done in Haskell with the Equal GADT, or encoded in F” using explicit
equality witnesses [Baars and Swierstra 2002].
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steps to (Fig. ??)

« ==

erase” T

Tiwre:o e

Preservation (Thm. 3.5)

Soundness (Thm. 4A2)§

Lwlkeé:[o]|e

Coherence (Thm. 4.7)

A€ e I __ Correspondence (Thm. 3.3) o
o Terase*
Fe Iiwhre:o|e steps to (Fig. ??)
(Fig. 7?) Progress (Thm. 3.5)
w éSoundness (Thm. 4.2)
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(Fig. ??) Preservation (Thm. 4'7)(Fig4 2)
> éSoundness (Thm. 5.2) Soundness (Thm. 5.2)
/. steps to (Fig. ??
Ev The €/ :monelo] ps to (Fig. ??) ¥ Trp ¢ :monelo)

(Fig. ??) Coherence (Thm. 5.2)

Fig. 10. An overview how the various theorems establish the relations between the different calculi

With these definitions in place, we can do a straightforward type directed translation from F®” to
FY by just lifting all operations into the prompt monad, as shown in Figure 9. Types are translated

by making all effectful functions monadic:

|Va. o]
la]

Va. | o]
a |_C 01

lor= €03] = evwe — |o1] — mone€ |oz]

co.on] = cloy ... Loal

We prove that these definitions are correct, and that the resulting translation is fully coherent,
where a monadic program evaluates to the same result as a direct evaluation in F.

Theorem 10. (Monadic Translation is Sound)
HF;{();() IFe:0]|{) ~¢e,thenD rr € :

Theorem 11. (Coherence of the Monadic Translation)

If; () () Ik e

20| () ~ ejande; — ey, thenalso @; (); () I e,

mon () |o].

4

20| () ~ e;where e

* 1
— ez.

Together with earlier results we establish full soundness and coherence from the original typed effect
handler calculus F€ to the evidence based monadic translation into plain call-by-value polymorphic
lambda calculus F". See Figure 10 for how our theorems relate these systems to each other.

6 OPTIMIZATIONS

With a fully coherent evidence translation to plain polymorphic lambda calculus in hand, we can
now apply various transformations in that setting to optimize the resulting programs.

6.1 Partially Applied Handlers

In the current perform® implementation, we yield with a function that takes evidence w to pass on

to the operation clause f, as:

Aw k. ((h.op) w x> (Af. f wk))
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However, the w that is going to be passed in is always that of the handle™ frame. When we
instantiate the handle” we can in principle map the w in advance over all operation clause so these
can be partially evaluated over the evidence vector:

handler' h w f = freshm (Am — prompt m w (f {L:(m, pmap’ h w | w) ()))

pmap' (hnd' f; ... f,) w= phnd! (partial w f) ... (partial w f;)
partial w f = Ax k. (f wx (Af'. f" wk))

The pmap' function creates a new handler data structure phnd' where every operation is now
partially applied to the evidence which results in simplified type for each operation (as expressed
by the pop type alias):

aliaspopa fpur = a—(f—-monpur) > monpur
The perform is now simplified as well as it no longer needs to bind the intermediate application:
perform® w x= let (m, h) = w.lin yield m (Ak. (h.op) x k)

Finally, the prompt case where the marker matches no longer needs to pass evidence as well:

prompt m w (yield m f cont) = f (guard w (prompt m w o cont))

By itself, the impact of this optimization will be modest, just allowing inlining of evidence in f
clauses, and inlining the monadic bind over the partial application, but it opens up the way to do
tail resumptive operations in-place.

6.2 Evaluating Tail Resumptive Operations In Place

In practice, almost all important effects are tail-resumptive. The main exceptions we know of are
asynchronous I/O (but that is dominated by I/O anyways) and the ambiguity effect for resuming
multiple times. As such, we expect the vast majority of operations to be tail-resumptive, and being
able to optimize them well is extremely important. We can extend the partially evaluated handler
approach to optimize tail resumptions as well. First we extend the pop type to be a data type that
signifies if an operation clause is tail resumptive or not:

datapopa fur =tail : (e > monyup)—popafpur
| normal : (¢ > (f—> monpur) > monpr)—>popafpur
The partial function now creates tail terms for any clause f that the compiler determined to be tail
resumptive (i.e. of the form Ax k. k e) with k ¢ fv(e):

partial w f=tail (Ax. (f wx> (Af’. f" wpure))  if f is tail resumptive

partial w f= normal (Ax k. (f w x> (Af’. f” w k)) otherwise
Instead of passing in an “real” resumption function k, we just pass pure directly, leading to
Ax. (e > pure) — and such clause we can now evaluate in-place without needing to yield and capture
our resumption context explicitly. The perform® can directly inspect the form of the operation
clause from its evidence, and evaluate in place when possible:

perform® wx =let (m,h) = w.lin case h.opof | tail f — f x
| normal f — yield m (f x)
Ah, beautiful! Moreover, if a known handler is applied over some expression, regular optimizations
like inlining and known-case evaluation, can often inline the operations fully. As everything has
been translated to regular functions and regular data types without any special evaluation rules,
there is no need for special optimization rules for handlers either.
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6.3 Using Constant Offsets in Evidence Vectors

The perform® operation is now almost as efficient as a virtual method call for tail resumptive
operations (just check if it is tail and do in indirect call), except that it still needs to do a dynamic
lookup for the evidence as w.l.

The trick here is to take advantage of the canonical order of the evidence in a vector, where the
location of the evidence in a vector of a closed effect type is fully determined. In particular, for any
evidence vector w of type evv (I | €) where € is closed, we can replace w.I by a direct index w[of5]
where (I'in €) = ofs, defined as:

lin () =0

Iin{'|e)= line iff 1 <V

lin{l'|ley=1+ (line) iffl >V
This means for any functions with a closed effect, the offset of all evidence is constant. Only
functions that are polymorphic in the effect tail need to index dynamically. It is beyond the scope
of this paper to discuss this in detail but we believe that even in those cases we can index by a
direct offset: following the same approach as TREX [Gaster and Jones 1996], we can use qualified
types internally to propagate (! in p) constraints where the “dictionary” is simply the offset in the
evidence vector (and these constraints can be hidden from the user as we can always solve them).

6.4 Reducing Continuation Allocation

The monadic translation still produces inefficiencies as it captures the continuation at every
point where an operation may yield. For example, when calling an effectful function foo, as in
x « foo (); e, the monadic translation produces a bind which takes an allocated lambda as a second
argument to represent the continuation e explicitly, as foo () > (Ax. e).

First of all, we can do a selective monadic translation [Leijen 2017c] where we leave out the
binds if the effect of a function can be guaranteed to never produce a yield, e.g. total functions (like
arithmetic), all effects provided by the host platform (like I/O), and all effects that are statically
guaranteed to be tail resumptive (called linear effects). It turns out that many (leaf) functions satisfy
this property so this removes the vast majority of binding.

Secondly, since we expect the vast majority of operations to be tail resumptive, almost always
the effectful functions will not yield at all. It therefore pays off to always inline the bind operation
and perform a direct match on the result and inline the continuation directly, e.g. expand to:

case foo () of | yield m f cont — yield m f ((Ax. e) o cont)
| pure x — e
This can be done very efficiently, and is close to what a C or Go programmer would write: returning
a (yielding) flag from every function and checking the flag before continuing. Of course, this is also
a dangerous optimization as it duplicates the expression e, and more research is needed to evaluate
the impact of code duplication and finding a good inlining heuristic.

As a closing remark, the above optimization is why we prefer the monadic approach over
continuation passing style (CPS). With CPS, our example would pass the continuation directly
as foo () (Ax. e). This style may be more efficient if one often yields (as the continuation is more
efficiently composed versus bubbling up through the binds [Ploeg and Kiselyov 2014]) but it prohibits
our optimization where we can inspect the result of foo (without knowing its implementation) and
to only allocate a continuation if it is really needed.

7 RELATED WORK

In the paper, we compare to related work mostly inline when we discuss various aspects. In what
follows, we briefly discuss more related work.
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The work by Forster et al. [2019] is close to our work as it shows how delimited control, monads,
and effect handlers can express each other. They show in particular a monadic semantics for effect
handlers, but also prove that there does not exist a typed translation in their monomorphic setting.
They conjecture a polymorphic translation may exist, and this paper proves that such translation is
indeed possible.

Recent work by Biernacki et al. [2019] introduces labeled effect handlers where a handler can be
referred to by name; the generative semantics with global labels is similar to our runtime markers
m, but these labels are not guaranteed to be unique in the evaluation context (and they use the
innermost handler in such case). Similar to this work they also distinguish between the generative
handler (as handle,), and the expression form handle,, (as handle;).

Brachthéuser et al. [2020] use capability passing to perform operations directly on a specific
handler [Brachthauser and Schuster 2017; Brachthiuser et al. 2018]. This is also similar to the work
of Zhang and Myers [2019] where handlers are passed by name as well. Both of these approaches
can be viewed as programming with explicit evidence (capabilities) and we can imagine extending
our calculus to allow a programmer to refer explicitly to the evidence (name) of a handler.

8 CONCLUSION

We have shown a full formal and coherent translation from a polymorphic core calculus for effect
handlers (F€) to a polymorphic lambda calculus (F”) based on evidence translation (through F#),
and we have characterized the relation to multi-prompt delimited continuations precisely. Besides
giving a new framework to reason about semantics of effect handlers, we are also hopeful that these
techniques will be used to create efficient implementations of effect handlers in practice. Moreover,
from a language design perspective, we expect that the restriction to scoped resumptions will be
more widely adopted. As future work, we would like to implement these techniques and integrate
them into real world languages.
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Fig. 11. Well-formedness of types.

APPENDICES
A FULL RULES

This section contains the rules for well-formed types, and for typing and translating the evaluation
contexts.

A.1  Well Formed Types

The kinding rules for types are shown in Figure 11. The rules are standard mostly standard except
we do not allow type abstraction over effect labels — or otherwise equivalence between types cannot
be decided statically. The rules kiND-TOTAL, KIND-ROW, and KIND-ARROW are not strictly necessary
and can be derived from kiNp-app.

A.2 Evaluation Context Typing and Translation
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12: Fig. 12. Evaluation context typing with evidence translation

1446

1447

s B PROOFS

1449 This section contains all the proofs for the Lemmas and Theorems in the main paper organized by
1450  Ssystem.

1451

1452 B.1  System F¢

1453
Liss B.1.1  Type Erasure.
s Proof. (Of Lemma 1) By straightforward induction. Note (Aa. v)* = v*isavalueby IH. O

1456 Lemma 9. (Substitution of Type Erasure)

1457 1, (e[x=v])" = € [x=v*].

182 (w[x=v])" = vy[x=v"].

1459 3 (h[x:=v])* = h*[x:=v"].

1460

1461 Proof. (Of Lemma 9) Part 1 By induction on e.
1462 case e = V. Follows from Part 2.

1463 case € = e €.

1464 ((e1 e)[x=v])"

ues = ((e[x:=v]) (e2[x:=v]))* by substitution
166 = (e1[x:=v])* (e2[x==v])* Dy erasure

o7 = (ef[x=v"]) (eg[x:==v"]) LH.

s = (ef &) [x=V] by substitution
1469 = (e e)*[x=v] by erasure

1470
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Fig. 13. Evidence context typing and monadic translation ((>>) is monadic bind, (e) Kleisli composi-

tion, and (o) is regular function composition).

casee = e [o].

((er [o]) [x:=v])*

= (ei[x:=v] [c])* by substitution
= (el[x v])* by erasure

= [ v LH.

= (61 [e])*[x=v*] by erasure

case e = handle® h e,.
((handle® h ey)[x:=v])*
= (handle® h[x=v] e[x:=v])* by substitution
= handle (h[x:=v])" (e[x:=v])* by erasure
= handle (h*[x:=v"]) (g[x:=v"]) Part 3 and LH.
= (handle A" ¢j)[x:=v"] by substitution
= (handle® h ey)*[x:=v*] by erasure
Part 2 By induction on v.
case vy = X.
(x[x:=v])*
=V by substitution
= x[x:=v*] by substitution
= x*[x=v"] by erasure
case vy = yandy # x.
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1520 (y[x=v])*

21 = Y by substitution

1522 = Y by erasure

1523 = y[x==v"] by substitution

1524 = y'[x=v"] by erasure

1525 case vy = A® y:o. e

1526 ((A€ y:o. e)[x=v])"

1527 = (A y:0. e[x:==v] )" by substitution
1528 = Ay. (e[x=v])* by erasure

1529 = Ay. e*[x=v"] Part 1

1530 = (Ay. e")[x:=v"] by substitution
1531 = (A° y: 0. ¢)*[x:=v*] by erasure

1532 k

. case vy = Aa”. v;.

1534 (Aak. v)[x:=v])*

1535 = (AdF - v[x=v])* by substitution
1536 = (v[x=v]))* by erasure

o= iy 1H

1538 = (Aak. v)*[x:=v*] by erasure

1539 case vy = handler® h.

1540 (handler® A[x:=v])*

1541 (handler® h[x:=v])* by substitution
1542 = handler (h[x:=v])* by erasure
handler h*[x:=v*] Part 3

1543 =

1544 = (handler h*)[x:==v*] by substitution
1545 = (handler® h)*[x:=v*] by erasure

1546 case vy = perform® op .

1547 ((perform® op o)[x:==v])*

1548 = (perform® op o) by substitution
1549 = perform op by erasure

1550 = (perform op)[x:=v*] by substitution
1551 = (perform® op )*[x:=v*] by erasure

1992 Part 3 Follows directly from Part 1.

1553 o

1554

1555 Lemma 10. (Type Variable Substitution of Type Erasure)

155 1. (e[a=0c])* = €.

1557 2. (wla=a])" = .

1558 3, (hla:=0])" = h*.

1559

1560 Proof. (Of Lemma 10) By straightforward induction. Note all types are erased. O

122; Proof. (Of Theorem 1) case (A€ x:0. €) v— e [x:=v].
53 (A x:0.€e)v)" = (Ax. €) v" by erasure

1564 v* is a value Lemma 1

1565 (Ax. €") v* — e’[x=v"] (app)

e Celx=v])" = e fx=vT] Lemma 9

1567 case (Aak.v) [o] — v[a:=0].

1568
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*

1500 ((Aak.v)[o])* = v* by erasure

1570 (V[a=c])t = v Lemma 10

1571 case (handler® h) v — handle® h (v ()).

1572 ((handler® h) v)* = handler h* v* by erasure
1573 v* is a value Lemma 1

1574 handler h* v — handle h* (v* ()) (handler)

1575
case handle® h- v — v.

1576

(handle® h-v)* = handle h* - v* by erasure
1577 .

v* is a value Lemma 1

1578 handle h* - v — v* (return)

ZZ case handle® h- E - perform opo v — f [o] v ki.

51 ki = A€ x: oy[a=0]. handle® h-E - x (perform)
s, (handle® h-E - perform op o v)* = handle h* - E* - perform op v* by erasure
53 V'isavalue Lemma 1
sss  handle " - E* - perform op v* — f* v ky (perform)
1585 k, = Ax. handle h* - E* - x above

1586 ky = Kk by erasure
sy flolvk) = f"vi ke by erasure

O

1588
1589

1500 B.1.2  Evaluation Context Typing.

1501 Proof. (Of Lemma 2) Apply Lemma 16, ignoring all evidence and translations. 0O
1592

1503 Proof. (Of Lemma 3) Apply Lemma 17, ignoring all evidence and translations. O

1594 Proof. (Of Lemma 4)
1595

1% g + E[performopc v] : o | {) given

597 @ ¢ performopa v : oy | [E]! Lemma 3

5% g+ performopa : oy —[E] oy | [E]'  app

1599 @ ha performopc : oy — [E] oy VAL

1600 1 e [E] op

101 E = E; - handle® h-E, By definition of [E]*

rovz op—f €h above

jzzz op ¢ bop(E,) Let handle® h be the innermost one
O

1605

1606 Proof. (Of Lemma 5)
1607

1608 & + E[performopav] : o |e€ given
1609 @ + performopa v : oy | (EI* | €) Lemma 3
1610 @+ performopa : o3 — (E1' | €) oy | (E]' | €) arpp

1611 D ha performopc : gy — (E1* | €) oy VAL

612 | e ([E]' | e op

1613 op ¢ bop(E) given
1614 l ee Follows
1615 O

1616
1617
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1641
1642
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1644
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B.1.3  Substitution.
Lemma 11. (Variable Substitution)
IfT,x:01,I5F e: 0| € and Iy, I; ky v : o, thenI, I, + e[x:i=v] : 0| €.

Proof. (Of Lemma 11) Applying Lemma 18, ignoring all evidences and translations. O

Lemma 12. (Type Variable Substitution)
IfT+ e: 0| eandry o : k thenT[aX=01] + e[ak:=01] : o[ak=01] | €.

Proof. (Of Lemma 12) Applying Lemma 20, ignoring all evidences and translations. O

B.1.4  Progress.

Lemma 13. (Progress with effects)

If @ + e : 0| e€then either e; is a value, or e; — e;, or e; = E[perform op o v],
where op : Va. o1 — 0, € X(I), and [ ¢ bop(E).

Proof. (of Lemma 13) By induction on typing. case e; = v. The goal holds trivially.
casee; = e; e

T Fee:0|€ given
D+ e3:01—€0|€ arp
D+ e o€ above

By LH., we know that either e is a value, or es—es, or e3 = Eg[perform op o v].

® e3 — es5. Then we know e3 e4 — e5 e4 by sTEP and the goal holds.
e ¢35 = Eg[perform opo v]. Let E = E; e4, then we have e; = E[perform opc v].
e ¢3 is a value. By LH., we know either e, is a value, or e; — €, or es = Eo[perform op T v]
— ey > €, then we know e; e4 — e3 ¢ by sTeP and the goal holds.
- es = Eo[performopc v]. Let E = e3 Eg, then we have e; = E[perform op o v].
— ¢4 is a value, then we do case analysis on the form of es.
subcase e; = x. This is impossible because x is not well-typed under an empty context.
subcase e3 = Ax: 0. e. Then by (app) and (step) we have (Ax : o - €) es —> e[x:=e4].
subcase e3 = Ac. e. This is impossible because it does not have a function type.
subcase e3 = perform op o. Let E = [, then we have e; = E[perform op o e4].
subcase e; = handler® h. Then by (handler) and (step) we have
handler® h e, — handle® h (e4 ()).

case e; = e [o7].

D+ e o] : ozx[a=01] | € given
D+ oe:Va.oy|€ APP
By LH., we know that either e is a value, or es—es, or e3 = Eg[perform op o v].

e ¢; —> es. Then we know e; [01] — e5 [01] by sTEP and the goal holds.

e ¢35 = Eg[perform opa v]. Let E = E, [oy], then we have e; = E[perform op 7 v].

® ¢3 is a value. Then we do case analysis on the form of es.

subcase e3 = x. This is impossible because x is not well-typed under an empty context.

subcase e3 = Ax: o. e. This is impossible because it does not have a polymorphic type.

subcase e3 = Aa. e. Then by (tapp) and (step) we have (Aa. e) [o1] — e[a:=01].

subcase e; = perform op o’. This is impossible because it does not have a polymorphic type.

subcase e3 = handler® h. This is impossible because it does not have a polymorphic type.
case ¢; = handle® he.
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1667 & F handle® he: o | € given

1668 T re:o|(]e HANDLE

1669

1670 By L.H., we know that either e is a value, or e—e3, or e = Eo[perform opc v].

1671 e ¢ —> e3. Then we know handle® h e — handle® h e; by step and the goal holds.

1672 e ¢ = Eg[perform op o v], and op ¢ bop(E,). We discuss whether op is bound in A.
1673

- op — f € h.Thenby (perform) and (step) we have handle® h - E; - perform opo v+— f o v k.

1o7 - op ¢ h.LetE = handle® h E, then we have e; = E[perform opc v].

1675

Lo e ¢ is a value. Then by (return) and (step) we have handle® h e+ e.
[m}

1677

% Proof. (Of Theorem 2) Apply Lemma 13, then we know that either e; is a value, or e; — e;, or

e1 = E[perform op o v], where op : Ya. 01 — 02 € 2(l), and I ¢ bop(E). For the first two cases,
we have proved the goal. For the last case, we prove it by contradiction.

1679
1680
1681

sy D F Elperformopo v] : o |() given

gy | £ bop(E) given
Losa I €() o Lemma 5
1685 Contradiction

O

1686

1687

1688

1689

1690

1691

1692

1693 B.1.5 Preservation.

1694 Lemma 14. (Small Step Preservation)

165 IfO F e :0|ecande — ey, then @ + e : 0 | €.
1696

1607 Proof. (of Lemma 14) By induction on reduction.

1608 case (A x:01. e) v — e[x=V].

1699 DF (Ax:01.€e)v:o]|e given

1700 PrA®x:01.e: 0, —>€0y| € ApP

1701 Trv:o|e above

1702 xX:0p F e:oy|€ ABS

1703 D+ oe[x=v]: 05| € Lemma 11
1704 case (Aa. v) [o] — v[a=0].

705 &k (Aa.v) o] : o1 [a=0] | € given
1706 & b Aa.v : Va.oq | € TAPP

1707 & Ral Aa.v : Va. op VAL

1708 & Ral VOl TABS

1709 Dhal v:o|e VAL

710 G v[a=o] : o1[a:=0] | € Lemma 12
i case (handler® h) v — handle® h (v ()).

1712
1713
1714
1715
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@ + (handler® h) v : o | € given
@+ handler h: () > {|€)o) > ea|e arr
drv:()—>{leo]e above

@ ha handler® h: () > (| €) o) 2 €eoc  vaL

D bops h:0|l]e€ HANDLER
drv:00->dleo|d]e Lemma 25
Trv():0|d]|e APP

& + handle® h(v()) : o | () HANDLE

case handle® h- v — v.
& + handle* h-v: o |e given

rv:ol|{]|e HANDLE
T rFv:io]e Lemma 25

case handle® h-E - perform opo v— f [c] v k.
op¢ bop(E)andop — f € h given
op : Va.op — oy €3(]) given
k = 2¢ x : ov[a:==c]. handle® h-E - x given
@ + handle® h-E - performopa v : o e given
D hops h:o|l]e HANDLE
D hal [:Va.op >€e(0p>€0)— €0 oPS
D Frf:Va.op,—>€(0p—>€e0)>eo]|e VAL
I+ flo] : oqla=0] —> € (oz[a:=0] > €0) D eco|¢€ TAPP
@ + perform opG v : oy[a=c] | ({handle€ h E]’ | €) Lemma 3
@ tec handle® h-E : oy]a=c] > 0o | ¢ above
&+ v:ofa:=7]]| (handle® hE] | €) app and TAPP
D+ v:oa=0]]|€ Lemma 25
I+ flo]lv: (og]a=c] >€eoc)—>eo]|e APP
x:0[a:=0] Ra x : ox[a:i=0] VAR
x:oo[la:=0]| v x : ox[a:=0] | € VAL
x:03[@=0] ke« handle® - E : oy[ai=6] > o | € weakening
x:0o[a:=c]| + handle h-E-x :0|€ Lemma 2
@ hal A€ x : oy[ai=c]. handle® h-E-x : oy[a:=0] > €o ABS
@+ A x : oy]la=0]. handle® h-E-x : oy[a:=0] > €0 |€e vaL
I F flolvk:ole APP

m|

Proof. (Of Theorem 3)

e = Ele]] (step)
e, — e above
e = E[e}] above
@+ Ele] : 0] given
&+ oe o | [E] Lemma 3
D+ E:op—>0|() above
P+ oe: o | [E] Lemma 14
I+ Ele] : 0| () Lemma 2
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B.2 Translation from System F€ to System F¢

B.2.1  Type Translation.
Lemma 15. (Stable under substitution)
Translation is stable under substitution, [o][a = [¢']] = [o[a:=0"]].

Proof. (Of Lemma 15) By induction on o.
case o = a.
[a][a:=[c"]]

= ala=[c"]] by translation

= [o] by substitution
fafa=o"]]
= [o’] by substitution

caseo = fand f # a.

[Alla=[o"1]
= pla=[c’]] Dby translation

= p by substitution
[Bla=c"]]

= [p] by substitution
=p by translation

case 0 = 0] — € 0y.

[o1 — € oz][a=[0"]]

= ([o1]1= € [a])|a=[c"T] by translation

= ([o11[a=[c"1])= € (Joz1[a:=[c"]]) by substitution

= (Jorla=0"]]) = € ([oz[a:=0"]]) LH.

[(o1 — € o2)[a=0"]]

= [o1|a=0"]—>€ os|a=0"]] by substitution

= ([orla=c"]]) = € ([oz[a:=0"]]) by translation
case o = VYp. o1.

[VB. orlla=[c"1]

= (VB. [o1])[a:=[c"]] Dby translation

= VB. [o1][a:=[c"]] Dby substitution

= VB. [oy[a:=0"]] LH.

[(VB. o1)la=0"]]

= [VB. oy[a:=0"]] by substitution
= VB. [o1[a:=0"]] by translation
case o = CTy...Tp
et ... tlla=[c"]]
= (c[r] ... [taD[a=[0"T] by translation

= c¢([a]la=[c"1]) ... ([ti]la:=[c’]]) by substitution
= ¢([rla=c']]) ... ([tla=c"]1) by LH.
[(cty...p)|[a=0"]]

= [enla=0'] ... a:=0"]] by substitution
= ¢([nla=c']]) ... ([rala:=0"]]) by translation
m|

B.2.2  Evaluation Context Typing.
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Lemma 16. (Evaluation context typing with evidence translation)

IfT; whe E:

thenT; w + E[e] : o2 | € ~ E'[¢].

01— 05| € ~E andT; ([E'] | w) + e:

a | (ET &) ~ ¢,

Proof. (of Lemma 16) By induction on the evaluation context typing.

case E = [J. The goal follows trivially.
case E = Ej ep.

Iiwhe Egeg: 0y — 02| € ~Ejwe
Tiw ke Eg @ 01 = (03—€03) | € ~ E|
iw bk oe:o3|€e ~g

[E; wefl = [E]

e, well = [Ej)

I [Eq weol | w) + e:all([E(’)we’]l|e) ~ e

D (TE  w) + e or | (EJI | ) ~ ¢
Iiw + Eole] : 03 —e oy | e ~ Ej[e]
Isw - Eole] e : o2 | € ~ Ejle] weg
case E = v Eg.
I'wirke vVE
I'hal V:o3—>€0y ~>V
Iiwihee Eg oy —> 03| e ~ E)
[V wE] = [E;]
|'vwE(’)]l = |'E(’)'|l
L{[vwEl] [ w) + e: oy | <|'vwE(’)]l | €) ~ ¢
T ([EJT I w) - e:or | (ET [ €) ~ ¢
I;w + Egle] : 03| € ~ E’[€]
Iiw F vE[e] : 03 | € ~ v w Ej[€]
case E = Ej [o].
I'iw ke Eo [G]

cop—> o] e Vv wk

1oy = o3la=0] | € ~ Ej[[o]]

Iiwree Eg: oy = Va. o3| e ~ E
[Eq [[o1]1 = [Eg]
[Eq [To111 = TE;T

T (TEG [Ta1IT I w) + e: o [ (E; (0117 [ €) ~ ¢

T ([ET I w) +oe:or| (EjT | e) ~ ¢

Iiw + Egle] : Va. o3| e ~ Ej[e’]

I;w b Eole] [o] : os[a=c] ~ Ejle’] [[o]] | €
case E = handle,, h E,.

I'; w tee handle,, h Eg

I; {I:(m, h) | w) kec Eo

Dhps h:o|lle ~ N

oy — o || e

T; ([handle,, hE(T | w) + e : oy | {[handle, hEj 1€ ~ ¢
T (TEQT | (L:(m ) [ w)) F e oy | (EQT | 1] €) ~ ¢

I5 (l:(m, h) | w) kec Eole] : o2 | (I €) ~ Ef[e’]
I;w + handle, hEole] : 02 | € ~> handle)y h' E
O

’
0

38

: 01— 0y | € ~ handle, h" E]

given

CcAppPl

above

by definition
by definition
given

by substitution
LH.

APP

given

CAPP2

above

by definition
by definition
given

by substitution
LH.

APP

given

CTAPP

by definition
by definition
given

by substitution
LH.

TAPP

given
CHANDLE
above

given

by definition
LH.

[e'] HANDLE
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1863 Lemma 17. (Translation evidence corresponds to the evalution context)

1864 IfD; w + E[e] : 0| € ~ e; then there exists oy, E’, ¢’ such that

1865 @ Whe E:oy—>0|e ~E,and@; ([E']|w) F e: oy | (E']"|€) ~ ¢, ande = E’[e].
1866

157 Proof. (Of Lemma 17) Induction on E.

ses caseE = O.Letoy = o, E’ =0, ¢ = e; and the goal holds trivially.
1560 case E = Ej e.

1870 ;w + Eole]ley : o€ ~>exwes given
1871 s w + Eole] : 09 €0 |€e ~ e APP
1872 Dsw ke :op|e e above
1873 3w ke Eg i oy — (02 —€ea)|e ~ Ej LH.
1874 Dswhree Ege:01—>0|le ~E wes cappl
w5 D5 {[EQT I wy + e: oy ((E(’)]I | €) ~ e LH.
1876 € = E(’)[e'] 1LH.
1877 [E; wes] = [Eg] by definition
ws [Egwes]t = [EG] by definition
1879 @5 ([Egwes] | w) + e:or | (JE;w es]' | €) ~» ¢ by substitution
1880 E' = Ej wes Let
1881 case E = v Eg.
1882 yw + vEyle] : o€ ~ e wes given
1883wk v:oy €T |€ e APP
188 giw + Egle] : 0z ]€ ~ e above
1885 D;whee Eg oy > 03| e ~E] LH.
1886 D;Whee VEg : 0y > 0| € ~ e wE] CAPP2
1887 @5 ([Eo] | w) F e: o1 | (E;T ey ~ ¢ LH.
1888 g3 = Egle'] LH.
1889 [e; wEo] = [Eo] by definition
1890 ey wEo]" = [Eo] by definition
1891 @; (fea wEo] | w) F e: oy | (JE]' | €) ~ ¢ by substitution
1892 E = e wE) Let
1893 case E = Ey [og].
O w k Elel o] s aola=a] | € ~ e [[oo]] given
s T;w + Eole] : Ya-o0y € ~ e TAPP
D;w ke Eg : oy = (Va. o) | € ~ Ef LH.
1897
508 T w ke Eo[00] 1 01 = oula=0¢] | € ~~ Ej[[og]] crare
ey BATEGT W) Foezo] TE{ | €) e LH.
B e = Ele] LH
YT fool] = TE] by definition
YT (el = TE) by definition
oos DB ATE (ool | w) + e o | ([ET [ €) ~ ¢ by substitution
wos B = Egllool] Let
1905 case E = handle h Ey.
1906
1907
1908
1909
1910
1911
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iz D;w + handle hEgle] : 0| € ~ handle) h’ e, given

1013 Di{l:(m k)| w) F Egle] : 0| {d|€) ~ e HANDLE

1914 i {l:(m, b)) | w) ke Eg : 0y = 0| {l]|€) ~ Ej LH.

1915 ;W ke handle hEy : 0y = o | € ~ handle}, b’ E] CHANDLE

w16 @5 {[EGT I (L:(m, b)) | w)) + e: o1 (|'E(’)'|l |l]e) ~¢ LH.

1917 e; = Ejle’] LH.

s (TEQT I KL= (m, b)) | wh) = (TEGT | {CI:(m, )} | wh) by definition
1010 (TEJT | CL:(m, 1)) | w)) = ([handley, A" -E[] | w) by definition
1920 [handle) K’ E(’)]l = ([E(’)'|l | D) by definition
1921 @; ([handley, b'-E(] | w) + e: oy | TET | €) ~ ¢ by substitution
1922 E’ = handle), b’ Ej Let

1923 O

1924

1925

1926

1927

1928 B.2.3  Substitution.

1929 Lemma 18. (Translation Variable Substitution)

1930 1. I, x:0,;wk e:o]e ~ €,andTy, I ka v:op ~V,
1931 then I, Ih ; wlx=v'] + e[xi=v] : 6 | e ~ € [x=V].

192 2 T, x:01, Dy Wwhat W i 0~ vj,and T, I ha v:oop ~ v,
955 thenT1, I hal v[x=v] : 0 ~ vj[x=V"].

5 3 1T, x:01, 0 kops h: o |1~ h,andTy, [ ko v i oy ~= v/,
1995 then Iy, T, kops A[x:=v] : 0 | I ~ K[x:=v].

1936
1937 Proof. (Of Lemma 18)
1938
1939 Part 1 By induction on translation.
1940  case e = V.
1941 MLx:o,Tpsw kb v :o]e ~ vy given
1942 Ix:01, hat w0~y VAR
1943 L5 hat wlx=v] 1 o ~ yy[x=v] Part 2
44 I, Dy wlx=v] F wlx=v] : 0| € ~ yj[x:=v] var
1945 case e = e é.
1946 Ix:0o,I;w ke e:0|le ~efwe given
1947 L,x:01,I5;w ke 0y > €d|e ~ e APP
1948 MLx:01,T;w ke 0y | € ~ ¢ APP
1949 LD wlxe=v'] F e[x=v] : 01 > €0 | e ~ ef[x:i=V] LH.
1950 I3, Dy wlx=v'] + ex:=v] : 01| € ~ ej[x:=v'] LH.
1951 LDy wlxe=v'] F e[x=v] ex[x:=v] : 0| € ~ ef[x=V'] w[x=V"] e5[x:=V'] arp
1952 case e = ¢ [o].
1953 Lx:01,Tw ke [0] : olai=0] | e ~ e [[0]] given
1954 O,x:01,T;w ke : Ya. oy | € ~ ¢ TAPP
995 T Dy wlx=v] Foex=v] s Va. oy | € ~ er[x:=v'] LH.
1956 O wlxe=v] F oex=v] [0] : oi[a=0] | e ~ e/[x=v'][[o]] Tarp
1957
case ¢ = handle® he.
1958
1959
1960
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I,x:01,I;;w + handle® he : 0| e ~ handle), b’ ¢ given
I,x:01, T bops h:o|l]e ~ H HANDLE
I,x:o,; {(L: (mK)|w)y re:0|{]e ~¢ above
I, bops Alx=v] : o || e ~ h'[x=V] Part 3
I, (L : (m B [x=Vv']) | wx=vV']) F e[x:=v] : o | (| €) ~ € [x=V] LH.

I, I; wlx=v'] + handle® h[x=v] e[x:=v] : o | {{ | €) ~ handle;, h'[x:==v"] ¢’[x:==v'] naNDLE
Part 2 By induction on translation.
case vp = Xx.

Ix:0,15 Rl x 007 ~x given
x[x=v] = v by substitution
x[x=v] = Vv by substitution
I, hal v:iop ~V given

I, 0 hat x[x=v] : 07 ~ x[x=v"] follows
case vy = yandy # x.

Nox:o, b hal y:o ~y given

y:io €I, x:01, I VAR

y #FX given

y:o €I}, I follows
LLIhbRa y:0o ~y VAR

ylx=v] =y by substitution
ylx=v] =y by substitution

1,5 hal y[x=v] : 0 ~ y[x:=v"] var
case vy = A€ y%. e

I,x:01,15 hal AS y®2.e: 0y > 03 v A z:evve, y:[oz]. € given
I,x:01,15,y:00;z - e: 03| € ~ ¢ ABS
I,0,y:00;, 2 + e[x:=v] : 03| € ~ &[xi=V] Part 1

I, hal A€ ¥ e[x=v] : 0o > 03 ~» A® z:evve, y:[oy]. €'[x:=v] aBs

case vy = Aak. V.

I, x:01, 0 hat Aak. v @ Vak. oy ~ Aak. vy given
ILx:01,15 hat v 2 0g ~ V] TABS
LG R wi[x=v] @ oy ~ vi[x=V] LH.

I, Ty hal Adk. vi[x=v] : Vak. oy ~ Aak. vi[x=v] TaBs
case vy = perform opo.
I, x:01, 15 hal perform op o : ou[a:=0]| — os[a:=a] ~- perform op [c] given

op : Ya. o1 — oz € X(]) PERFORM
(perform op o)[x:=v] = perform opc by substitution
(perform op [o])[x:=v'] = perform op [T] by substitution
I, ka (perform op o)[x:=v] : ox[a:=0] — o3[a:=0] PERFORM

~ (perform op [a])[x=""]

case vy = handler® h.

I, x:01, I3 b handler® h : ¢ ~> handler}, b’ given
Ix:01,l kops h:o|l]e ~ W HANDLER
LT kops Alx=v] : o || e ~ W' [x=V] Part 3

I, I, ka handler® hlx:=v] : o ~ handler), W'[x:=v'] HANDLER
Part 3 Follows directly from Part 2.
O
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2010 Lemma 19. (Translation Evidence Variable Substitution)

2011 IfT;wrk e:ole ~ eandz ¢ T, thenT; w[z=wi] +F e: 0 |e ~~ €e[z=w].
2012

5013 Proof. (Of Lemma 19) By induction on the typing.

w014 Casee = 1.

2015 I'wrv:oc|e ~v given

2016 F'ha v:o ~V VAR

2017 z ¢T given

2018 Vz=w] =V z out of scope of v/

2019 Lywlz=wi] v v:o|e ~v Lemma 25

2020 casee = e €.

2021 iwr ee:ole ~e we given

2022 iwrk e :0y—>€0|e ~ef APP

2023 iw bk oe:op |€ ~e APP

2024 Diwlz=wi] + e : 01 > €0 | e ~ ef[z=w] ILH.

2025 Liwlz=wi] + e : 01| € ~ eyfzi=wi] ILH.

202  LDswlz=wi] + e e 0| e ~ ef[z=wi] wlz=wi] ej[zi=wi] app

2027 casee = ¢ [o].

2028 Tsw + e [o] : oi[a=c] | € ~ e [[o]] given

2029 Iiw ke :Va.or1|e ~ ¢ TAPP

2030 T;wlz=wi] F e : Va. o1 | € ~ ef[z=w] LH.

2031 Tywlz=wi] + e [0] : oi[a:=0] | € ~ ej[z=w] [[0]] Tare

2032 case e = handle® he.

2033 T;w + handle® he: o | e ~ handle) W ¢ given
W3 Thops h:o|l]le ~ R HANDLE
2035 Tl :(mK)|w)y re:o|d]|e) ~¢ above
2036y ¢T given
037 Wz=w] = K z out of scope of z’
2038 Tyl : (my W z=w]) | wx=V]) + e: | {]|€) ~ €[z=w] LH.
2039 Tyl (mK) | wx=V']) Fe:o|{]e ~ e[z=w] namely
2040 Ty wlx=v'] + handle® he: o |(|€) ~ handle) I’ ¢[x=v'] nanpLE
2041 O

2042

2043 Lemma 20. (Translation Type Variable Substitution)

2044 1LIUT;wh e:o0|e ~ € andhys o7 : Kk,

2045 then T[ak:=01]; wla*=[o1]] + e[aF=01] : olab=01] | € ~ e[a’=[c1]].
2006 2. T kg v:o ~ vandky o7 : k,

2047 thenT[ak=01] ha V[aF=01] : o[ab=01] ~ V[aF=[c1]].

208 3.IfT kops h:o|l]e ~ h andhys o7 : Kk,

2040 then I'[a*:=0] Fops hak:=01] : olab=01] | 1] e ~ v]aF=[ac1]].

2050

5051 Proof. (Of Lemma 20) Part 1 By induction on translation.

s055  casee = v

2053 L;w ik w:ole ~y given
2054 I'al vo: 0 ~ Vé VAR
2055 Iﬂ[Ofk:O'l] Hal Vo[akizf)'l] : cr[ak:=0'1] ~ v(’)[ak==f011] Part 2

2056 F[ak:ol];W[ak:Fm] a vo[akzzo*l] : U[Qkiszl] | e ~ va[ak:Fol]] VAR
2057 casee = e e.
2058
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iwbrk epe:o|e ~e we given

iwrk e :0y—>€0|e e APP

iw ke :or | €~ e APP

[[ak=01]; wlak=[c1]] + e[a*=01] : o1[a*=01] = € o[aF=01] | € ~~ e{[ak:=|'01'|] LH.

F[ak::ol];w[ak::fol]] Foela k—Ul] : o1la —01] | e Wc’é[ak:fmﬂ LH.

Iak=01]; wa*:=[c1]] F el[ak= o1] ez[ak =01] : olab=[o1]] | € APP
wla

~ ¢f[a*:=[01]]

casee = e [o].

[a*=[011] &j[a*:=[011]

Liw + e [o] : ou[f=c] | e ~ e [[o]] given
Tiw ke :Vp.op e ~ e TAPP
[[aF=01]; wlak=[o1]] F elak=01] : V,B oolak:=01] | € we{[ak:[oﬂ] LH.

[[a*=01]; wlak=[01]] + elaF:=01] [o[a*=01]] : (ou[a’=0c1])[f:=c]] € Tarp

~ ¢j[ak=[o11] [[ola*=01]1]

(o2]a _01 DIp=c]

= (o[ f=0])[a*=(01[p:=0])]

= (oo[p=0])[a"=01]

Ta*:=01]; wla*=[011] + elaF=01] [o[a*=01] ]

~ ef[a=[a11] [[o]a"=a1]1]
case ¢ = handle® he.
I;w + handle® he : o | e ~» handle}, b’ €
Dhps h:o|lle ~H
L {:(mP)|w) b oe:
I‘[ak =01] Fops hla*:=01]

old|e ~¢€

colaf=01] | 1] € ~ W[ak

by substitution
B fresh to oy

: (oy[p=c])[a*:=01] | € therefore
given
HANDLE
above
=01 | Part 3

[[aF=01]; (I : (m, Wla*=01]) | wlak=01]) + e[aX=01]: 0 |({]|€) ~ €[aF=01] LH.
[[aF:=01]; wlaF=01] F handle® h[aF:=01] e[aF:=01] : o | (| €) HANDLE
~~ handle? W[a*:=0] ¢'[a’:=0y]
Part 2 By induction on translation.
case v = X.
I'ha x:0 ~x given
x:0 €Tl VAR
x : o[aF=01] € Tak=04] therefore
x[ak=01] = x by substitution
[[aF=01] ha x : olak=01] ~ x VAR
[[aF=01] ha x[aX=01] : ola*=01] ~~ x[a*=01] follows
case v = A y%. e
I Ral A y%2.e: 0y > 03 ~» A€ z:evve, y:[oy]. € given
I“,y:ag;zi—e:agle ~ e ABS
[[a*=01], y: opa* —0'1] Z[aF=01] + ela*=01] : o3[aF=01] | € ~~ €[a*=[c1]] Part1
I[aF=01] hal Ay [a*=a1] e[ak =01] : oyla*=01] - o3]a*=01] ABS
~ A€ ziewe, y:[op[ak=01]]. ¢[a*=[c1]]
[o2[aF:=01]1 = [o2][a" = [01]] Lemma 15
I[a*:=01] kal Ay orfatzai] elak:=01] : ou[aki=01] — o3[aki=01] ABS

“ =[] ¢'fat=[a1]

~ A€ z:ewe, y:[or][a

case v = ASF. v,
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T hat ABE v 2 VR oy~ AR V] given
F'ha V1202 ~ v TABS
[aF=01] ha vilak=01] : os[ak=01] ~ v{[aF=[o1]] LH.

Tla*=01] har ABE. milak=01] : VBE. oyak=01] ~ ABF. v{[a*=[c1]] taBs
case v = perform opo.
I ha perform opo: oy[a:=0] — os3[a:=c] ~- perform op [c] given

op : Va.o, — o3 € 3(]) PERFORM
(perform op 7)[aF:=0,] = perform op T[a*=01] by substitution
I[a*:=01] hal perform op olak=01] PERFORM

: opl@=([ak=01])] = o3|@=(c[a"=01])]
~~ perform op [Ga*:=01]]
ala=(c[a"=01])]

= (oy]ak=01))[a=(c[a*:=01])] « fresh to oy

= (oy]a=0]))|[a*=01] by substitution
os[a=(cla*:=01])] = (o3[a:=0])[a*=01] similarly
[Gla*=01]] = [o][a’:=[01]] Lemma 15
[[a*:=01] Feal perform op olak=01] therefore

: (oy[a=0))[a*=01] = (o3]a=0])[a*=01]
~~ perform op [][a*:=[01]]

case v = handler® h.

I ka handler® h : o ~» handler;, b’ given
Fhops h:o|l]e ~ R HANDLER
[[ak:=04] Fops hlak:=01] : olak=01]| 1] e ~ W[a*=[c1]] Part 3

[[a*:=01] ha handler® hla*:=0,] : o[a*=01] ~ handler? h'[a*=[c1]] HANDLER
Part 3 Follows directly from Part 2.
O

B.2.4 Translation Soundness.
Proof. (Of Theorem 4) Apply Lemma 21 withT = Gand w= (). O

Lemma 21. (Evidence translation respects evidence typing with contexts)

We use [w]€ to mean that we extract from w all evidence variables, who get their types by inspecting
€. So we have:

1L.IT ko v:o|e ~ v then [T] Iky Vv : [o].

2IT;wr e:o|e ~ e then [T], [W]®; wlFk €& :[o] |€.

3.IfT kops h: o | 1] e then [T lgps [h] : [o] | ] €.

4. IfT;wtrk E:o0y—>o0y]|€ ~E then[T], [W]; w F E' : [o1] = [02].

Proof. (Of Lemma 21) Part 1 By induction on translation.
case v = X.
IF'hal Xx: 0| € ~x given

x:0 €T VAR
x:[o] € [T
|T-| IFar x : |_O'-| MVAR

case v = A€ x%. e
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I hal A x%.e:01—>02 € Az E x% . ¢ given

Ix:01;zFe:o0y]e ~¢ ABS

[T], x:[o1], z:evwe; z IF € : [or] | € Part 2

[T] IF A€ 28 E, x:[o1]. € : 01 =€ 0 MABS
case v = Aa. v,.

I hal Aa.vy 2 Va. 0p ~ Aa.vy  given

T hal v 0g ~ TABS

[TT Rar v = [oo] LH.

[TT Ra Aa. vy : Va. [o] MTABS

case v = perform op.

T hal performop : Vua. or — (| p) o2
op: Ya. o1 — o, € X(I)

op: Va. [o1] = [a2] € [21(])

[T] Ia performop : Yua. [o1]= (|

case v = handler€ h.

I Ka handler® b : ()—( | €)o) e o0 ~> handler i

T bops hio|l]e~ I
[T] lhops B : [0 [ 1] €

I' Ik handler® ' : (0= (1] €) [o]) =€ [o]

Part 2 By induction on translation.
casee = .

~» perform op given
PERFORM
1w [oz] MPERFORM
given
HANDLER

Part 3
MHANDLER

Lwkrv:iole v given
F'ha v:o ~V VAR

[T] Ika V' : [o]] Part 1

[T, [w]€ Iha v : [o]] weakening

[T], [w]€; w ik v : [o]|€e mvar
case e = e ey.

I'i'w bk e e

Iiwtr e :0p—>€0|e ~e

iw ke :op | €~ e

[T], [wlSw ke : [o1]= efo]l|e

[T], [w]w ke :[o1]|e ~ e

[TT, [W]Sw - e we, : [o] | €
casee = e [o].

Tiw ke [o] : ola=c] | € ~ e [[0]]

Liw ke :Va.op| e ~ g

[T, [w];w - e : Va.[o1] | €

[T], Twlw Ik el [[o]] : [or][a=[a]]
[o1lla=[c]] = [o1[a=0]]

case e = handle® he.

. ’ ’
t0|€e v e we

given
APP
APP
LH.
LH.
MAPP

given
TAPP

LH.

MTAPP
Lemma 15
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2200 L;w + handle® he: o|e ~ handle) W ¢ given

2200 T hops h:io|l]e ~H HANDLE

2208 L{l:(mh|w) re:o||e ~¢€ above

2209 [T] ”_ops W :Jol|lle ~H Part 3

2210 ], 11 : (mh) | wY¥E - e : [o] | ({]e) LH.

2211 [((1: (m,h) | w)1Ue = [(w)]€ by definition

2212 [T, [w]¢;w IF handle}, [h] [e] : [o] | € MHANDLE

2213 Part 3

2214

2215 Thops {opy—=fi, ccoop,—=fu}:ollle ~{op,—f'} given
2216 op; : Ya. o1 = oy €2(l) a R ftv(e o) ops
2217 F'ha fi:Va. oy > e(op—>€e0)—>ea ~ f above
218 op; : Va. [or] = o] € [Z](])

2219 [T Iha [f1: Va. [o1]= €e([ox]= €e[o])= €[o] Part 1
2220 [T lhops {opy = f/s ..o op, = f ) [all|l]e MOPS

2221 Part 4 By induction on translation.
2222 case E = [. The goal follows trivially by mon-cemprY.
2223 case E = Eje.

2224 T;whe Ege:o1—>03]€e ~E we given

2225 Iiwrkre:op|e ~¢é carpl

2226 TiWhe Eg: 01— (0g €03)| € ~FE above

227 T, [wl%w Ik € : [oo] | € Part 2

@2 T [wlSw ke E: [o1] = (Jo] =€ [o3]) [ € LH.

2229 [T1,[w]éwlke EEwe' : [o1] = [o3] | € MON-CAPP1

2230 case E = v E,.

2t I;whe VEg: 01 @ 03| € ~» v wE’ given

2 I'ha v:oy—€os ~V CAPP2

2 Iiwhre E: 01> 00| € ~FE above

BT e V't [o2] =€ [o3] Part 1

0T, [wlS w ke B¢ [on] = o] | € LH.

Zj: [T], [w]€;wlkee vV WE" : [01] = [03] | € MoN-capp2

s23 case E = Ej[o].

w9 L3Whe Eglo] i o1 — oy [a=c]|e ~ E'[[o]] given

9940 I;whe Eg: 0y > Va. oy | e ~E CTAPP

9241 [T, [w];w ke E' : [o1] = Va. [02] | € LH.

9240 [T, [w]€w ke E'[[0]] : [o1] = [o2]la=[c]] | € mon-cTaPP

9943 [o2][a:=[c]] = [oz]a=0]] Lemma 15

2244 case E = handlee h Eo.

2245 I'; W ke handle® hEy : 01 = o | € ~ handle,, b’ E’ given
226 Dhops h:o |l e ~ R CHANDLE
27 Ty {L:(m W) | WY bee E: 0y >0 | {]|€) ~FE above
2248 [T lFops h" : [al|1]e Part 3
2240 [T, [{L: (m, 1) | wp1Y€s ((m, ) | w) ke B2 [on] = [o] [ (| e) LH.

2250 [T, [¢1:(m, /') | w149 w ke handle® b E’ : [o0y] — [o] | € MON-CHANDLE
251 [{(m, b)) | w)1¥€ = [w]e by definition
2252 [T1, [w]€ w ke handle) W E" : [o1] — [o] | € follows
2253

2254
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2255 m|

2256

2257

2258

2259  B.3 System F®

2260

soey  B-3.1  Evaluation Context Typing.

voe, Lemma 22. (Evaluation context typing)

voes UTs wlkee E: o1 > oz |eandTs [E,w Ik e: oy | (TE1' | €), thenT; w I- E[e] : 03 | €.
264 Pproof. (of Lemma 22) By induction on the evaluation context typing.
#05 case E = [I. The goal follows trivially.

2266 case E = Eo we.

2207 Iiwlke Egwey : 0y >0y | € given

2208 I;wlke Eg : 01 > (03= €03)| € mon-cappl

220 Tyw ik e :03]€ above

20 Tw - Eole] : 3= €0y | € LH.

“T w - Eole] wey : 02 | € MAPP

jjz case E = vweE,.

vo74 I’wlke vwEy : 0y > 02| € given

- I'wlk v:o3=eoy|e MON-CAPP2

2976 Iiwlkee Eg : 01 203 | € above

by 3w IE Eole] - o3| € LH.

g LW I vwEyle] : 09 | € MAPP

2279 case E = Eg [o].

2280 Iiwlke Eg[o] : 01 > 00| € given

2281 Iiwlke Eg : 01 > Va. o3 | € MON-CTAPP

2282 os[la=0] = 01 > o above

2283 I';w IF Egle] : Ya. o3 | € LH.

228¢  L;w IF Eo[e] [o] : o3[a:=0] | € mTaPP

2285 case E = handle,, h E,.

2286 I';wlke handle, hEy : 0y > 0y | € given
2287 T {l:(myh) | w) lkec Eg : 01 > 02 | (I | €) MON-CHANDLE
2288 Tlgps h:o|l]e above
2289 T; (l:(m,h) | w) lkec Eole] : o2 | (L] €) LH.

229 T;w IF handle,, hEyle] : o | € MHANDLE
2201 O

2292

2203 Proof. (Of Lemma 6) Induction on E.
2204 case E = [0.Let oy = o and the goal holds trivially.
2905 case E = Eg weg.

206 D;w IF Egle]lwey : o] € given

2297 ;w IF Eole] : oo =€0 | € MAPP

2208 @ ([Eo] | w) IF e: 01| (Eo]' | €) LH.

2299 [E] = [Eo wey] = [Eo] by definition
2300 [E1 = [Ey wep]! = [Eo] by definition
2301 case E = vweE,.

2302

2303
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s DywlE vwEle] o€ given

2305 T;w IF Eole] : 02 | € MAPP

306 & ([Eo]l | w) IF e: o1 ] (Eo]'|e) IH.

2307 [E] = [vwEy] = [Eq] by definition

2308 [E] = [vwEe]! = [E]! by definition

2309 case E = Ej [o].

2310 ;w IF Eole][o] : o] € given

2311 ;w - Eole] : Ya. oy | € MTAPP

“2  ([Eo] [ w) - e:or| (Eol' ) LH.

2313 [E] = [Eo [o]1 = [Eo] by definition

21 TEN = TEo [o]]! = [Eol! by definition

2 case E = handle,, h Eg.

ii: ;w |- handle,, hEgle] : o | € given

s D {I:(m, h) | w) IF Eole] : o | {]€) MHANDLE
Ja1o Dlrops h:o|l]e above

v DAIET [ L:(mB) [w) I e: oy [ ([Eol' | I]€e) LH.

o1 {[Eo1 | I:(m, )Yy = ([handle, h-Ey]) by definition
Y39 (TE1'Y = Thandle,, hEo]! = (Eo] | D) by definition
2323 =

224 Proof. (Of Lemma 7)

2325

2326 & ) + E[performopc v] : o | () given

227 @, [E] v performopa v : oy | [E] Lemma 6

22 & [E] v perform opa : oy —[E] o7 | [E]}  avp

2329 O hal performopo : oy — [E]l o1 VAL

2330 I e [E] op

9 E = E;-handle}), h-E; By definition of [E]!
299 op—f €h above

jjjz op ¢ bop(E,) Let handle® h be the innermost one
2335 .

2336

ss3;  B:3.2 Correspondence.

b33 Proof. (Of Theorem 5)

2339

2340 F;{) lkey E[performopa wv] : o () given

2341 @, [E] ey performopa wv : oy | [E]! Lemma 6
2542 w = [E] MAPP

9343 E = E;-handle;, h-E; Lemma 7
s 0P £ bop(Ez), (op—f) €h above

9345 1 ¢[E,]! or otherwise op € bop(E,)

2346 [E;. handle} h-Ez] = ([E2] | {l:(m, h) | [E{])) Dy definition

ey (TE2T 1 (L:(myh) | TELTY).L = (L:(m, k) | [E41).]  Follows
w.l = [E].L = {I:(m k)| [E1]). = (m, h)

2348
2349
2350
2351 B.3.3  Substitution.
2352
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2353 Lemma 23. (Substitution)

2354 1T, x: 0, b lRa vt op,and Ty, I I v o,then I, I IKa vi [x=v] : o7
235 2. 1T, x: 0, Th; wlk e : 01| € andIy, I Iy v: o,

2356 then Tj, I; wlx=v] IF e [x=v] : o1 | €.

2357 3.If T, x:0,Ip lgps {0py = f1, ..o op,—~fu} i o1 | l|eand Ty, T IRg v : o,

2358 then Iy, Tplops ({ opy = fis -0 0p, = fu Dlx=v] : o1 | [ ] e.

235 4.1, x:0,h; wlkee E: 01 >0y |eandly, b Iy v: o,

2360 then Ty, Iy ; wx:=v] lkee E[x:=v] : 01 > 07 | €.

2361

436 Proof. (Of Lemma 23) Apply Lemma 34, ignoring all translations. O

“% " Lemma 24. (Type Variable Substitution)
PN LT Iha v o andhy oy ¢ K,
12;%5 then I'[a*:=01] Ika v[aF=01] : o[aF=01].
ZZ: 2.IfT;w IF e: 0| eandlhys oy : Kk,
then I'[a*:=01]; wlak:=01] IF e[aF=01] : o[ak=01] | €.
2222 3.IT lbops h:o|l|eandhy oy : k,
Y70 then I'[ar*:=0] IFops hlaF:=01] : o[ak=01]| 1] €.
. 4. IfT;w Ik E : 01y > 0y | eandrys oy : K,
Y7o then I'[a*:=01]; w[ak:=01] I+ E[aX=01] : o1]a*=01] = oy[a*=01].
2373 Proof. (Of Lemma 24) Apply 35, ignoring all translations. 0.
2374

2375 Lemma 25. (Values can have any effect)
2376 LI T;w IFv:o|le ,thenT; wy IF v:o|e.
2377 2 T;w rFrv:co|le ~Vv,thenT;w Fv:oc|e ~V.

2378

b379  Proof. (Of Lemma 25)

bsgo  Part 1By mvar, we have T' Ik v : 0. By mvar, wehave T'; wy IF v:o|er.

b5y Part2Byvar, wehave T ky v:o ~» v .Byvar, wehave IT'; wo  v:io|e ~v. O
2382

2383

2384 B.3.4 Preservation.

2355 Proof. (Of Theorem 7)

2386

2387 Lete; = E[ef], and e; = E[e;].

2388 ;) I+ Elef] : o | ) given

2389 @; [E] I ef : o1 | [E]! Lemma 6

2390 {) F E:01—>0]|( above

2391 e — e given

2392 @; [E] I e : o1 | [E]'!  Lemma 26

239 () IF E[ej] : o] () Lemma 22

2394 O

2395

2306 Lemma 26. (Small step preservation of evidence typing)
297 U, wlk e :0|€e ande; — ey, thenJ; w I- e : 0 | €.

2398 ) ) )
)39 Proof. (Of Lemma 26) By induction on reduction.
by CAse (A°z : evwe, x:07. €) wv —> e[zi=w, xi=V].
2401
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Fyw - (A°z 1 evve, x:01.e) wv : 0z | € given
T;wlk A€z:evwe, x:01.e: 01= €0y | € marp

g;wlk v:op|e above
z:ewe,x:o; 2 IF e:o € MABS
x:opw lF e[z=w] : oy | € Lemma 23
;w IF e[z=w,x=v] 1 09 | € Lemma 23

case (Aa. v) [c] — v[a=0].
g;w IF (Aa.v) [o] : o1 [a:=0] | € given

F;w Ik Aa. v : Ya.oq | € MTAPP
D lHa Aa.v: Va- o MVAL
D lHa v ooy MTABS
Tywlha viop|e MVAL

s w lha vla=0] : oila=0] | € Lemma 24

case (handler® h) w v — handle; h (v {l:(m, h) | w) ()) with a unique m.

@;w - (handler* h) wv : o | € given
Z;w I handler h: (0= {(|e)o)= €o e MAPP
gywlkv: ()= ({]e)o|e above
@ IHa handler h: (0= (|€)o)= €0 MVAL
D lbops h:o|l]e MHANDLER
Fil:(mh) | w)y IFv:(0= {d|ea]|]e Lemma 25

Fi{l:(mh) | wy IF v{l:(mh) | w) () : 0| {|€ marp
s wlk handle;, h(v{l:(m,h) | w) () : o | (e MHANDLE
case handle;, h-v — v.

@;w I handley, h-v : o | € given
F;{l:(m, h) | w) IF v:o|{|€) MHANDLE
FswlE v:o| e Lemma 25

case handle;, h-E-performopc w' v— fo wvwk.
opg¢ bop(E)andop — f € h
op : Ya. o1 — oy € X(])
k = guard” (handle}) h- E) oz[a:==0]
@; w IF handle;, h-E-performopaw v:o|e
Dlrops h:o|l]e
Dlha f:Va.o1= €(o,= €0)= €0
g, wik f:Va.o1= €(0p= €0)= €0 ¢
g, wlk fo: ofa=c]= e(o]a=c]l= e€o)= €0 ¢
@; ([E] | 1:(m,h) | wy |- performopT w' v : ax[a=c] | (EI* | 1] €)
&; w ke handle), - E : oyla=c] —> 0o | €
Zi([E] [ L:(m,h) | w) I v:oy[@=3] | (E1" [ ]e)
g;wlk v:ola=0o]|e
Fywlk fowv: (pla=c] > eo)= €eo e
D |k guard” (handle), h-E) op[a:=0] : ox[a=0]= €0
&;w Ik guard™ (handle) h-E) ozla:=c] : oxla:=0]= €eo|e€
gywl- fowvwk:o|e
case (guard™ E o1) w v — E[v].
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MVAL
MTAPP
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above
MapP and MTAPP
Lemma 25
MAPP
MGUARD
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I;w I- guard" Eoy wv o | € given
,w Ik guard” Eoy : 0y =€0 | € marp
gyw ik v:io|e above
O |k, guard” Eoy : 01 =e€0 MVAL
Tswlee E: 01> 0 € MGUARD
@ ([E]|w) IF v:oy| (E]'|€) Lemma 25
Tswlee E: 01 >0 € MGUARD
;w lF E[v]:0]e Lemma 22
O

B.3.5 Translation Coherence. We define the equivalence relation inductively as follows.

e[zi=w]

= E[x]

[EQ-GuarD]

Az, x:0.e = guard” E o

E[x] = e[zi=w]

[EQ-GUARD-sYMM]

guard”" Eo = A°z,x:0. e

[EQ-MARKER]

my = my
[EQ-var]
X = x
e = e
A€ zievwe, x:0-e = A°z:evwe, x: 0.6€
w 2w E =2k
— - [EQ-GuaRrD]
guard™ E; 0 = guard™ E, o
e =6 W =W e = e
[EQ-app]
€1 Wy e3 = e Wy ey
Vi £ Wy
[EQ-TABS]
Aa. vi = Aa. v
€ €
[EQ-TAPP]
eilo] = elo
[EQ-PERFORM]
perform op = perform op
ill = ’12
- " [EQ-HANDLER]
handler® h; = handler® hy
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mo=m w=w e e h=h
handle‘,ﬁl1 hye = handle%z2 hy e

Lemma 27. (Translation is deterministic)

LIT;wr e:0|€ ~ e,andl;wh e:0 | € ~> e, then e; and e; are equivalent up to EQ-MARKER.
By definition, we also have e; = ;.

22IfT kg v:0 ~v,and Ty v:io ~> v, then v; and v, are equivalent up to EQ-MARKER. By
definition, we also have v; = v,.

3.T kops h: 0| € ~ hy,andT kyps h: 0| € ~» hy, then by and h, are equivalent up to EQ-MARKER.
By definition, we also have hy = h;.

4 UT;whe E: 01> 03] € wE,andT;w ke E: 0y > 02 | € ~> Ey, then E; and E;, are equiv-
alent up to EQ-MARKER. By definition, we also have E; = E,.

[EQ-HANDLE]

Proof. (Of Lemma 27) By a straightforward induction on the translation. Note the only difference
is introduced in HaNDLE and cuaNDLE, where we may have chosen different m’s. O

Lemma 28. (Evaluation context equivalence)
IfE; = E;,and e; = ey, then E{[e;] = Esfe].

Proof. (Of Lemma 28) By a straightforward induction on the context equivalence. O

Lemma 29. (Equivalence substitution)
1.If ey = ey, and vi = w, then e;[x:=v;] = e[x=w].
2.If e; = ey, then e/[a=0] = ela=0].

Proof. (Of Lemma 29) By a straightforward induction on the equivalence relation. 0O

Proof. (Of Lemma 8) By induction on the reduction.
casee; = (A€ z:evve, x : 0.e) w; vy and e; — ej[z=wy, x:=v].
By case analysis on the equivalence relation.
subcase e, = (A€ z:evve, x : 0. ¢e) wy vy withe] = ), w; = wyand v = v,.
(A€ z:evve, x @ 0. €) Wy v — ey[z=wy, x:=Vv»] (app)
e[[z=wi, x==vi] = ej[zi=wy, x:=1;] Lemma 29

IR

subcase e, = (guard™ E o) w; v; with e][z=w] = E[x], w; = w, and v; = v,. We discuss
whether w; is equivalent to w.

e W = W.
guard™ E o wy v, — E[12] (guard)
e[z=wy] = E[x] given
ef[z=w1] = E[x] wi = wy

(ei[z=wi])[x:==v1] = (E[x])[x:=v,] Lemma 29
e w, # w. Then e, get stuck as no rule applies.
case e; = (Aa.e))[o] and e — e[a=0].

e = (Aa. e) o] by equivalence
e = g above
e, — ey[a=0] (tapp)

ejla=0] = ejla:=0] Lemma 29

case e; = (handler® h;) w; v; and e; — handle,! hy (v {I:(m, h) | wi) ().
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2549 e; = (handler® hy) wy vy by equivalence
2550 vy = W above

2551 w = wy above

2552 h1 = hg above

2553 e, — handle}? hh (vy {I:(m, h) | we) () (handler)
2554 handlep! hy (v {I:(m, h) | wi) ()) = handley? hy (v, {I:(m, h) | w2) () congruence
2555 case e; = handle}, h; - v; and e; — ;.

2556 e, = handle,’ hy - v; by equivalence

2557 v = vy above

2558 w = wy above

2559 h = hy above

2560 ey —> (return)

2561 ’ — —
case e; = handle)! hy - E; - perform® op [c] w’' v and e — f; [G] w v, w ki,

2563 where k; = guard™ (handley; h- E;) oy[a:=0] .

5o € = handlel? h-Ej; - perform® op [c] w' v, by equivalence

2562

2565 v = Yy above
2566 w = ws above
9567 E, = E, above
2568 h = h above
w0 1 2 [ therefore
as70 €2 fa[O] wa vo Wy Ky (perform)
2571 k; = guard™ (handle,? h- E;) oz[a:=0] above
572 k1 = ke congruence
w3 filo]l wivi wiky = fo[0] wo ve wo kp congruence
2574 case e, = (guard™ E; o) w; v; and e; — Eq[vy].

2575 By case analysis on the equivalence relation.

2576 subcase

2577

2578 € = (guard™ Ez o) ws v2 by equivalence

2579 E, = E; above

2580 VI = Vy above

2581 w = wy above

2582 w = wy above

2583 If wy, = ws, then e, gets stuck as no rule applies.

2584 If w, = ws, then

2985 ey — Ep[vy] (guard)

2586 E{[vi] = E3[w] Lemma 28

2587 subcase

2588

2589 ey = (Az, x. €23) W W by equivalence
2590 gy = owy above

R above

292 Ey[x] = ex[zi=w] above

29 Ey[x] = ex[zi=ws] w = wy

B9 ey — ey[z=wy, xi=W] (app)

295 (Eq[xD[x=w1] = (ez[z=w,])[x:=v,] Lemma 29

2596

2597

53



2598
2599
2600
2601
2602
2603
2604
2605
2606
2607
2608
2609
2610
2611
2612
2613
2614
2615
2616
2617
2618
2619
2620
2621
2622
2623
2624
2625
2626
2627
2628
2629
2630
2631
2632
2633
2634
2635
2636
2637
2638
2639
2640
2641
2642
2643
2644
2645
2646

ICFP °20, August Rin2pd6g) XiseydoidthMNewnjeraaypeUBrachthauser, Daniel Hillerstrom, Philipp Schuster, and Daan Leijen

O

Lemma 30. (Small step evidence translation is coherent)
O, wre:0|le ~eande — e,andP; w + e : 0| € ~ e, then exists a e, such that
/ 17 1~ /
e, — e and e) = e,
Proof. (Of Lemma 30) By case analysis on the induction.
case (A°x:01. ) v—> e[x:=v].
Iy wk (A°x:01.e)v:iaole ~»(A°z:ewe x: [o1]. €)wv given

(A€ z:evwe, x: [or]. ) wv — e[z=w][x: V] (app)

Ty wrk Ax:01.e:01>€0|€e ~(A°z:evwe, x: [o1]-€) app
Tywrkvio | e~V above

D hal Ax:01.e:01>€0 ~(A°z:ewe, x: [o1]¢€) VAL

x:01;zF e:o0le ~¢ ABS

x:0p; z[z=w] F e: o | e ~ €e[z=w] Lemma 19
x:o; Wtk e:o|e ~e[z=w] by substitution
Dhal V:op ~» v VAL

s wk e[x=v] : 0| € ~ e[z=w][x=V] Lemma 18

case (Aa. v) [o] — v[a=0].
F;w + (Aa. v) [o] : o1[la=0c] | € ~» (Aa. V') [[0]] given

;wk Aa.v:Va.op | € ~ Aa. v TAPP
(Aa. V) [[o]] — V[a=[0o]] (tapp)
Tywk v:iop|e vV TABS
Tyw F v[a=0c] ~ V]a=[c]] Lemma 20

case (handler® h) v — handle® h (v ()).
; w + (handler® h) v : ¢ | € ~ (handler® h') w v’ given
Tywrkv:ioc|e ~V APP
G {(l:mh) | wy Fv:o|{d|le ~V Lemma 25
Z;w + handle® h(v()) : 0 | e ~» (handle) W' (v' {l:(m,h) | w) ())) given
(handler® h’) w v — handle;, " (v' {l:(m, h) | w) () (handler)

case handle h-v — v
@;w + handle® h-v : o |e ~» handle), wv' given

Gi{l:(mh)|wy Frv:o|{d]|e Vv HANDLE
Tswrk v:iole ~V Lemma 25
handle) wv’' — v/ (return)

case handle® h-E - performopov— fo vk.
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2647 Op:V&. 01 — 0 € Z(Z) given
243k = A° x : op[a:=0]. handle® h-E - x given

26490 &5 w k handle® h-E-performopo v : o |e given

2650 > h.amdlem1 hy - Eq - perform op [a] w' v

2651 J; W ke handle® h-E : 0, = o | € ~ handley, h;-E; Lemma 17
2652 x:0y[@:=0]; W ke handle® h-E : op[a=c] — o | e ~ handley h;-E; Weakening
2653  X:ogla=c]; w k x : opla=0] ~x|e€ VAR and vAL
2654  X:09]a:=0]; w ke handle® h-E-x: oy[ai=0] > 0 | € Lemma 16
2655 ~» handle,, h;-E;-x

2656 D3 wrk A€ x: op[a=c]. handle® h-E-x : oy[a=c] > 0 | € given

2657 ~ A€z : ewe, x : [opx[@=c]]. handle}, hy-E;-x

2658 ki = Az :evwe, x: [opx[a=c]]. handle}, hy-E;-x let

%59 Dy Wk fovk:iole ~f Jalwvwk APP

2660 ky = guard™ (handley, h; - E) op[ai=5] let

2661 handley, h; - E; - perform op [o] w' v — f' [d] wVv wk; (perform)
2662 @ hal A€ x 1 os[a:=c]. handle® h-E-x : os[a=0] > ¢ VAL

2663 ~ A€z : ewe, x : [opx[@:=c]]. handle;, hy-E;-x

2664 X : op[@=c]; z + handle® h-E-x : o | e ~ handle;, hy-E;-x ABS

265 X : oo|la=0]; z[zz=w] v handle* h-E-x: 0 |€ Lemma 19
2666 ~» (handle;,, h; - Ez - x) [z=w]

2667 (handley,, h; - E; - x)[z=w] = handle, h;-E;-x Lemma 27
2668 A€z :ewe, x : [op[a:=c]]. handle}, hy-E;-x EQ-GUARD
2669 = guard" (handle,, h; - E;) op[a:=0]

w70 k1 =k namely
2671 fflolwv wky = f'[o] wv'wk congruence
2672 O

2673

. Proof. (Of Theorem 8)

2675 .

2676 e e given

sorr e; = Eq[es] STEP

sors e; = Eqleq] above

270 e3 — ey above

I <F () F Eqfes] : o[ () ~ e given

Jesi 1 = Efles] Lemma 17

s @;() - Ey: 0y > 0| () ~»E] above

ey 9 [E1T F e :o0q | |’Eﬂl ~ e; above

PR 5 () F Eifes] : 0] () ~ ¢ given

soss = Ef'[e]] Lemma 17

Jese ;) v Ey: 0y > 0| () ~»E above

v6s7 @; [E]] + e : o1 | |’Eﬂl ~+ ¢, above

- 63’ = e4N Lemma 30

2659 E] = E] Lemma 27

2690 Eile;] = Ef[e] Lemma 28

2691 =

2692

2693

2694

2695
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B.3.6  Uniqueness of handlers. Handle-safe expressions have the following induction principle: (1)
(base case) If e contains no handle}, terms, then e has the property; (2) (induction step) If e; has the
property, and e; — e; , then e; has the property.

Lemma 31. (Handle-evidence in handle-safe F® expressions is closed)
If a handle-safe expression contains handle;, h e, then w has no free variables.

Proof. (Of Lemma 31) Base case: Since there is no handle), h e, the lemma holds trivially.
Induction step: We want to prove that if e; has the property, and e; — e;,then e, has the
property. We do case analysis of the operational semantics.
case E- (A€ z:evve, x:0.e) wvi— E - e[zi=w, x:=v].
We know that in e, we have w; in handle}? A e, is closed, therefore
(handle}? h ey)[z:=w, x:=v] = handle}? h[z:=w, x:=v] ey[z:=w, x:=v] and wy is still closed. And
other handle evidences in E are already closed.
case E - (Aak. v) [o] — E - v[a:=0].
We know that in e, we have w; in handle}? h e, is closed, therefore
(handle;? h ey)[a:=c] = handle,’ h[a:=c] ey[a:=c] and wy, is still closed. And other handle evi-
dences in E are already closed.
case E - (handler® h) w v+ E. handley, h (v (l:(my, h) | w) ()) with m; unique. We know that
w is closed. And other handle evidences in E are already closed.
case E - handle) h-v+— E - v.
We already know handle evidences in E and v are closed.
case E; - handle) h-E; - performopo w vi— E; - flo] wv wk,
where k = guard” (handle}) h- E;) (oz[a:=c]) and (op — f) € h.
We know that w is closed. And other handle evidences in E;,E;,f,v are already closed.
case E; - (guard” E o) wv+— E; - E[v].
We already know handle evidences in E, E; and v are closed. O

Definition 2. (m-mapping)
We say an expression e is m-mapping, if every m in e can uniquely determine its w and h. Namely,
if e contains handle}; h; e; and handle;? hy e,, then w; = wyand by = h,.

Lemma 32. (Handle-free F®¥ expression is m-mapping)
Any handle-free F®” expression e is m-mapping.

Proof.
Base case: Since there is no handle},, there is no m. So e is m-mapping trivially.

Induction step: We want to prove that if e; is m-mapping, and e; — e;,then e, is m-mapping.
By case analysis on e; — e;.
case E- (A€ z:evve, x:0-e) wvik— E-e[z=w, x:=V].

Due to Lemma 31, we know all handle-evidences are closed. Therefore, the substitution does not
change those handle-evidences, and for all original pair of handle;; h; e; and handle)? h, e, for
each m, we know w; = wy still holds true.

Note v may be duplicated in e, which can introduce new pairs. Consider
(Ax. (x, x)) (Az. handle?, e) — ((Az. handle?, e), (Az. handle?, e)). Here the argument is dupli-
cated, and now we have a new pair (Az. handle?, e) and (Az. handle?, e), where m maps to two z’s.
Unfortunately, those z’s are actually different, as under a-renaming, the expression is equivalent to
((Azy. handle?! e), (Az,. handle? e)). And we have z; # z,!
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Luckily, this situation cannot happen for handle-safe expressions. As due to Lemma 31, handle;,
has no free variables in w. Therefore, for one handle handle}, even if it is duplicated, for the new

pair handle), and handle),, we still have w = w.
case E - (Aak. v) [o] — E - v[a:=0].

Due to Lemma 31, we know all handle-evidences are closed. Therefore, the substitution does not
change those handle-evidences, and for all original pair of handle,! h; e; and handle}? h; e; for

each m, we know w; = wj still holds true.
case E - (handler® h) w v+ E. handley, h (v (l:(my, h) | w) ()) with m; unique.
Every pair in E, h and v is a pair in E - (handler® h) w v. So it is still m-mapping.
Given m; unique, we know there is no other handlemz1 hy e.
So E - handley, h (v {l:(my, h) | w) () is m-mapping.
case E - handle) h-v+— E - v.
Every pair in E - vis a pair in E - handle), h - v.
So we know it is m-mapping.
case E - handle)y h-E - performopo w vi— E- fle] wv wk,
where k = guard® (handle,, h- E) (oz[a:=0]) and (op — f) € h.
Every pairin E - f[o] w v w k is a pair in E - hanndle;, h- E - perform opc w’ v.
So we know it is m-mapping.
case E; - (guard” E o) wv+— E; - E[v].
Every pair in E; - E[v] is a pair in E; - (guard” E o) w v.
So we know it is m-mapping. O

Proof. (Of Theorem 6) We prove it by contradiction.

m; = my

W1 = Wy

I'; w Ik E;-handley h-E;-handlep: h-e : o | €

I'; w Ik E;-handley, h-E;-handley) h-e : o | €

T'; ([E]|w) IF handley! h-E,-handley: h-e : o1 | (E1]' | €)
wp = ([E;][w)

I'; ([E;-handley! h-E; ]| w) |- handley. h-e : oz | (E; - handlep! h-E, 1] €
wi = ([E;-handley! h-E; 7| w)

(TEx1 | w) = ([E;-handley, h-E; 7| w)

contradiction

O

B.4 Monadic Translation

During the proof, we also use the inverse monadic bind, defined as

g<purex = gx
g < (yield m f cont) = yield m f (g * cont)

B.4.1  Multi-Prompt Delimited Continuations.
Proof. (of Theorem 9) By induction over the evaluation rules. In particular,

suppose
Lemma 32
given

W = Wy
Lemma 6
MHANDLE
Lemma 6
MHANDLE
follows

handle? h - E - perform! op w v — f w v w kwhereop — f € h(1),k = guard” (handle” h-E)

(2), and op ¢ bop(E) (3).
In that case, by Theorem 5, we have w’.] = (m, h) (4), and can thus derive:
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[handle;, k- E - perform op w’ v] (1),(4),translation
= prompt}, - [E] - yield,, (Aw k. [f] w[v] wk)
m ¢ [E]™ (3), Theorem 6

— (Aw k. [f] w [v] w k) w (guard” (prompt), - [E])) (2), (vield)
— [f1 w [v] w(guard™ (prompt}’ - [E])

= [f] w[v] w(guard™ [handle) h-E])

= [f wv w(guard” (handle) h-E))]

B.4.2  Monadic Type Translation.
Lemma 33. (Monadic Translation Stable under substitution)

loJla:=L0"]] = lola=0"]].

Proof. (Of Lemma 33) By induction on o.
case o = a.
la][a=]o"]]

= afa=|0’]] Dby translation

= lo’] by substitution
la[a=0"]]
= |o’] by substitution

caseo = fand f # a.

LAlla:=L0"]]
= pla=[o’]] by translation

= p by substitution
L fla=0"]]

= |4l by substitution
=p by translation

case g = 0= € Oy.
lor = € oz]la=|0"]]

= (evwe — |o1] = mon € |oy])[a=]0"]] by translation
= evwe — |o|[a=]0"]] = mon € (loz][a==]0c"]]) by substitution
= evv e —>(|oi[a:=c"]]) = mon € ([oz[a:=0"]]) LH.

L(o1= € oz)[a=0"]]

= [oi[a=0"]=€ or[a:=0"]] by substitution
= evve — (loy[a:=0c"]]) = mon € (loz[a=0c"]]) by translation

case o = V. o1.
LVB. o1]la=]0"]]
= (VB. lo1])[a:==Lo’]] by translation
= VpB. lor][a:=|o’]] by substitution
= VB. lor[a=0c"]] LH.
L(VB. o1)la:=0"]]
= |VB. o1la=0"]] by substitution
= VB. loy[a=0"]] by translation
case o = CTy...Tp
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2843 |_C T1 .. TnJ[(ZSZI_O'/J]

2844 = (c|r1] ... lzal)a=0"]] by translation
2845 = c(lrlla=l0"]]) ... (Ltnlla:=L0’]]) by substitution
2846 = c¢(lnla=0c'l]) ... (ltu[a:=0"]]) by L.H.

2847 |_(C T .- Tn)[a:ZO"]J

2848 = |lenla=d’]... mla=0c"]] by substitution
2849 = c(|lrla=0c"]])) ... (ltala=0c"]]) by translation
2850 O

2851

2852

.53 B.4.3  Substitution.

435« Lemma 34. (Monadic Translation Variable Substitution)

55 LIT, x:0, Tl vt oy ~v,andly, Tl v:o w0,

sg5s  then T, To o vy [=v] @ oy ~ vj[x:=V'].

g5y 2T, x:0, s wy w ke :o1|e el andTy, o lha v:io ~ v,

55 then I, Ins wx=v]; wx=v] Ik e [x=v] : o1 | € ~ e[x=V].

agso 3. I, x:0,To Ihps {opy = fi, ..o op, = fo}: hnd! € o |e ~eand Iy, I Ik v:o ~ V),
2860 then Iy, Tplops ({ opy — fi, - . 0p, — fa DIx=v] chnd € o1 | € ~ e[x=V].

2861 4.UTL,x:0,; w; Wik E:op >0 |e wgandly, L lky v:io ~ v,

2862 then Ty, I ; wlx=v]; w[x=v] Ik E[x=v] : 01 > 0y | € ~ g[x:=V"].

2863
Proof. (Of Lemma 34) Part 1 By induction on typing.

2864
g5 Case vy = x.

2866 o = 01 MVAL

a7 L1, x: 0, I lRa x: 0 ~ x given

2868 L, Llkyg viog ~V given

2869 case v = ywherey # x.

2870 wi[x=v] = y by substitution

271 vi[x=Vv] =y by substitution

2872 y:op €1, I MVAR

2873 I, L IKa y: 01 ~y Mvar

2874 case v; = A® z:evve, y: oz €.

2875 I,x:0,1, Ik A€ z:evwe, y:oz.e : 07 ~Azx. € given

2876 01 = 0y =€ MABS

2877 (T,x:0, Iy, z:evwe, y:02); 2,2 Ik e: 03] € ~~ ¢ above

2878 I, Ry vio ~ v given

2879 I,0, z:ewe y:op g v:io ~V weakening
2880

(T1, I, z: evwe, y:09); 2z z IF e[x=v] : 03| € ~~ €[x:=v] Part2

2881

I, I IRat A€ zievve, y: 0y. e[x:=v] : 01 ~ Az x. €[x=v] maBs
2882 w

case v; = guard” E oy.

2883 " )
— I,x:0,I,lK guard” E oy : 07 ~> guard w’ ¢’ given
2885 01 = 09 =€ 03 MGUARD
wsse x0Ty wiw' lkee E: oy —>03]€e ~ e above
2887 Ii,x:0,T, ko w:evwe ~»w above
sege LTz wle=vly wx=v] Ik E[xi=v] : 0a > 03| € ~ €[x:=V] Part 4
2550 I, IRa wx=v] : evwe ~ w[x=v] LH.

2890 I, Dol guardwlx:v] E[x:=v] 03 : o= € 05 ~> guard w'[x=v"] ¢/[x:=v'] McUARD
2891
59
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case vi = Aa. w.

I,x:0,Ra Aa. v : 01 ~ Aa. v, given
oy = VYa. o, MTABS
I, x:0, L w: o above
LD IRa wlx=v] : oy ~ vy[x:=V] LH.

I, LR Aa. wlx:=v] : Va - 03 ~ Aa. vj[x:=v'] mTaBs

case v; = perform op .

I, x:0,0; I performopa : o7 ~ perform® [{| ), |o]]
o1 = opla:=c]= (| p) o3[a:=0]
op : Ya. 09 — 03 BZ(l)
(perform op o)[x:=v] = perform op T
I, 5 Ik performopa @ oy ~ perform® [{ | ), |o]]
case v; = handler® h.
Ty, x:0,lha handler® h : oy ~ handler [e, o]l W
o = (0= {le)o)=ec
I, x:0,Talkps h: hnd! € o | e ~~ R
I, Glbops Alx=v] : hnd e o | € ~~ h[x=v]
I, la handler h[x=v] : o1 ~ handler' [e, |o]|] W' [x=V"]
Part 2 By induction on typing.
casee; = vi.
I,x:0,,; w; w IF v
Ix:0,I IRar v 2 017 ~ v]
L5 IRa vilxe=v] 2 o7 ~ vi[x=V']
I, wx=v]; wix=v]lka wvi[x:=v]
casee; = e W es.
MLx:o,Tp;w,w' IF e wes : 01| € ~ ey > (Af. 5> f W)
Ix:0,Iw,w - eyiov=eoy | € ~ ¢
Ix:0,;w;w' - e300 | € ~ ¢
0L D wle=v; w[x=v] Ik ex=v]:c0=>€ 01 | € ~ ej[x=1]
I, s wlxe=v]; wxe=v] IF es[x=v]:03 | € ~ e[x:=v"]
I, I wlx=v]; w[x:=v'] Ik ex[x:=v] wlx:=v] es[x:=v] : 01 | €
~ e[x=v] > (Af. ej[x=v"] > f w[x:=v"])
case e; = e [07].
Ix:0,Iw,w' - e [0o]: 01 | € ~ e > (Ax. pure (x [Lo2]])
o1 = 03 [a=03]
Ix:0,;w;w' - e : Va. o3 | e ~ e
0L Dy wle=v; wlx=v'] Ik ex=v] : Va. o3 | € ~ ej[x:=v']
I, I wlx=v]; wx=V'] Ik ey[x:=v] [02] : o3[a:=0s] | €
~ ey[x:=v"] > (Ax. pure (x [Lo2]]))
handle) h e,.

top e~y

2o | €~ v[x=V]

case e; =

60

given
MPERFORM
above

by substitution
MPERFORM

given
MHANDLER
above
Part 3

MHANDLER

given
MVAL
Part 1
MVAL

given
MAPP
above
LH.
LH.
MAPP

given
MTAPP
above
LH.

MTAPP
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I, x:0,T; w;w' |- handle, he; : 01| € ~ prompt m w' e, given
I,x:0,5 s h:hnd® oy | € ~ B MHANDLE
ILx:o,0; {L:(m h) | whs{l:(m, B) | W) IF e o [(l]€) ~ e above
h e 3(]) above
I, Ly ({1:(m, h) | w)[x=v];({I:(m, b)) | w))[x=v"] LH.

IE ey[x:=v] : o1 | ([ | €) ~ ej[x:=V"]
I, T; Irops h[x:=v] : hnd® o1 | € ~» h'[x:=V'] Part 3

I, T wix=v]; wx=v"] IF handle®™" hlx=v] e;[x=v] : 01 | () mmaNDLE
~ prompt m w'[x:=v'] ej[x:=v]
Part 3

MLx:0,Tp Ips {0py = fi, oo op, = fu } hndlecrl e ~A{opy = fl, .., op, = fi}
Ix:o,h IRa fi : Va.01= €(02= €0)= €0 ~ f/

op; : Va. o1 = o, €2(l) a P ftv(e o)

LG IRa filx=v] : Va.o1= e(oy= €0)= eo ~ f/[x=V]

I, Ihps { op, — filx=v], ..., op, — falx=v] } : hnd' e o1 | €

< {op, > f{Ix=V'], .. 0p, = filx=v])
Part 4 By induction on typing.
case E = [

I,x:0,,; w; Wik O: 0y >0y | € ~id given
o1 = Oy MON-CEMPTY
Olx=v] = O by substitution

I, wx=v]; wx=v]lke O: 0 > 01|€ ~ id MON-CEMPTY
caseE = E;we.

I,x:0,0; w; Wik Eiwe:o01 >0 |e ~(Af.e>fweg given
I,x:0,0,; w; Wik Ej : o1 > (03= €0y) | e v g MON-CAPP1
I,x:o,; wy; w Ik e:o3]|€e ~¢€ above
0,5 wix=v]; w[x=v] ke Ei[x:=v] : 01 > (05> €02) | € ~ g[x:=v] LH.

I, 0 wix=v]; wx=v] Ik e[x=v] : 03| € ~ €[x=V] Part 2
I, L; wlx=v]; w[x=v'] lkee Ei[x=v] wlx:=v] e[x:=v] : 61 > 03 | € MON-CAPP1

~ (Af. e[x=v] > f wlx=v]) e g[x=v]
case E = v; wk;.

MLx:0,T; wy wilkee i wEy oy >0y |e ~ v weg given
I,x:0,0; w;w ke Ef i 0y 03] ~ g MON-CAPP2
NLx:0,Tp lRa vt o3 =€0y ~ vy above
I, ; wlx=v]; w[x=v] ke Ei[x=v] : 01 = 03 | € ~ g[x=V"] LH.

LG IRa wix=v] 1 o3 =€ 0y ~ v][x=V'] Part 2

I, I; wlx=v]; w[x=v'] lkee vi[x=v] w[x:=v] E{[x=v] : 61 = 05 | € MoON-capp2
~ Vi [x=v'] we=v]
caseE = E; [o].

I,x:0,0,; w;w lkee Ejf[o] 01> 0s]€ ~ (Ax. purex)eg given
I,x:0,I,; w;w lkee Ej : 01 > Va.o3]e ~ g MON-CTAPP
oy = o3[la=0] above
I,5;; wlx=v] ke Ei[x=v] : 01 = Va. 03 | € ~ glx=v'] LH.

I, x: 0,1 wla=v] ke Ei[x:=v] [0] : 01 = 02 | € ~ (Ax. pure x) o g[x:=v'] MoN-cTaPP

case E = handle}, hE;.

61

given
MOPS
above
Part 1
MOPS
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I, x:0,5; w;w I handle), hE : 01 > 02 | € ~ prompt mw' o g given

Lx:0, T wyw' lhgps e hnd! € oy | e ~ W above

I,x:0,0; {(I:(mh) | wh; {L:(m,B') | W) ke E: 0y > 00| (l|€) ~ g above

I, o (L: (m, h[x:=v]) | wlx:=v]); {I:(m, W'[x:=V"]) | w[x:=V"]) LH.
lFec E[x=v] : 01 > o2 | {|€) ~ g[x:=1]

I, s hlx:=v] : hnd' € o, | € ~ h[x=v]] Part 3

I, I wlx=v]; w[x:=v"] Ikec handle‘,ﬁ[":‘}] h[x=v] E[x:=v] : 0f > 02 | € MON-CHANDLE
~ prompt m w'[x:=v"] o g[x:=v"]
O

Lemma 35. (Monadic Translation Type Variable Substitution)

1LIUT Ik v:o ~ v andky o7 : k,

then I'[a*:=0] Iha v[aF=01] : o[ab=01] ~ V[aF=]0o1]].

2UT;w;w Ik e:o|e ~ € andlhys oy : k,

then I'[a*=01]; wla*:=01]; w[al¥:=|01]] F e[aF=01] : o[aF=01]| € ~ €[ak=|o1]].

3.IT Igps h:o|l|e ~ B andhy oy : Kk,

then I'[a*:=0] IFops hlak=0,] : o[aF=01] | 1] e ~ v][ak:=|o1]].

4 UT;w,w IF E:op > oz|e ~ gandhy o1 : k,

thenT[aF:=01]; wlak=01]; w[a* = |o1]] IF E[a*:=01] : o1[abi=01] = au[ab=01] ~ V[aF=|o1]].

Proof. (Of Lemma 35) Part 1 By induction on typing.
case v = X.

I'ka x:0 ~x given
x:0 €T MVAR
x:ola=01] € Ta:=01] follows

INa=01] ka x : ola:=01] ~» x MvAR

casev = A® z:evwe, y oy €.

I'lRa A€ z:evve, y: 0. : oy =€03 ~> Azx. € given
(T, z:evwe, y:09); 2,2z 1F e:o3]€e ~ ¢ WABS
(Tla=01] z: ewe, y: opla=01]); z z I+ ela=01] : o3la:=01] | € ~> €'[a=[01]] Part 2

T Ik A€ z:evve, y : opla=01]. ela:=01] : ox[ai=01]= € o3[a:=01] ~> Az x. €'[a:==]01]] ™maBs
case v = guard” E oy.

T'lRa guard” E oy @ 0y =€ 03 ~ guard w' € given
I'; w;w ke E:op > o03|€e ~ ¢ MGUARD
I'lka w:ewe ~w above
INa=01] ; wla:=01]; w'[a:=01] IF E [a:=01] : oz[a:=01] — o3[a:=01] | € ~ €[a:=|01]] Part4
Ia=01] ka wla=0c1] : evw e ~ w[a:=|o1]] LH.
Ia=01] Kal guardw[“z‘”] Elai=01] 02 : oy[a:=01]= € o3[a:=01] MGUARD

~ guard w'[a:=|01]] €'[a=]01]]
case v = Aa. vy.

FlRal Aa. v @ Ya. o3 ~ Aa. v given
Tlha vo @ o MTABS
Ia=01]lRa wla=01] : oola=01] ~ vyla=]o1]] LH.

TMa=01]lRa Aa. wla=01] : Ya - 0o ~ Aa. vy[a:=|01]] mTABS
case v = performopo.

62



3039
3040
3041
3042
3043
3044
3045
3046
3047
3048
3049
3050
3051
3052
3053
3054
3055
3056
3057
3058
3059
3060
3061
3062
3063
3064
3065
3066
3067
3068
3069
3070
3071
3072
3073
3074
3075
3076
3077
3078
3079
3080
3081
3082
3083
3084
3085
3086
3087

Effect Handlers, Evidently ICFP 20, August 23, 2020, Jersey City, New Jersey, US

T lKa perform op o : ax[a=0]= (| p) o3[a:=c] ~ perform®® [{ | p), |o]]
op : Ya. o, > o3 € Z(l)
(perform op)[a:=01] = perform op

I'a:=01] a perform op ola:=01]] : ox[a=(cla:=c])]= {| p) os[a:=(c[a=01])]

~ perform® [{L| p), |o]]
oz[a=(c[a=01])]
= (oz[a=01])[a:=(c[a=01])]
= (ox[a=0])[a=01]
os[a=(cla=c1])] = (o3[@=5])[a"=01]
lola=01]] = [o]la=]o1]]
I'a:=01] Ikva perform op ola:=0y]
t (opla=0])[a=01] = (| p) (o3[a=0])[a:=01]
~ perform® [( | ), |7 ][e:=|01]] ]
case v = handler® h.
T | handler® h : o, ~ handler' [e, |o]] W
o2 = (0= {|e)o)=>eco
[lps b - hnd'eo | e ~ K
[a=01]lkops hla=01] : hnd! € ola:=01] | € ~ W[a=|01]]

lola=a1]] = lolla=|a]]

given
MPERFORM

by substitution
MPERFORM

a fresh to oy
by substitution
similarly
Lemma 15
therefore

given
MHANDLER
above
Part 3
Lemma 15

T[a:=01]la handler® hla:=c1] : os[a:=01] ~ handler' [e, |o|[a==|01]] ] K'[a:=|01]] MHANDLER

Part 2 By induction on typing.
casee = V.
I';w;w lkEv:io|e ~v
IF'lha v:io ~v
INa=01] ka v[a=01] : ola=01] ~ V]a=|o1]]
Ia=01]; wla=01]; Wla=lo1]] Ika wvila=01] : ola=01] | € ~ v[a=[01]]
casee = e W es.
Diw;w' - eg wes : 03| € ~ ey > (Af. ;> f W)
Liwsw IF e:op=eos|e ~ e
Diw;w Ik es:oz | € ~ g
[la=01]; wla=01]; w'[a:=|o1]] IF e
Ta=01]; wla=01]; w'[a:=|01]] IF es[a=01]: oz[a:=01] | € ~ ej[a:=|01]]
Ia=01]; wla:=01]; w[a:=|o1]] IF e]a:=01] wla:=01] es[a:i=01] : o3[a:=01] | €
~ gla=[o1]]> (Af. gla=[o1]] > f w[a=o1]])
case e = e [07].
Liwsw IE e [02]: 01| € ~ ey > (Ax. pure (x [Lo2]]))
o1 = 03 [a=07]
Diw;w ik ey : VB.os | e ~ e
Ta=01]; wla=01]; wla:=[o1]] IF ea=01] : V. o3[a=01] | € ~~ eja:=|01]]
(osla=a1])[f=(o2la=01]) | = (o3[f=02])a=01]
lozla=a1]] = loz]la=|o1]]
[a=01]; wla=01]; wla:=|o1]] IF ex[a=01] [o2[a=01] | : (o3[ f=02])[a==01] | €
~ eyla=[o1]] > (Ax. pure (x [Loz][a:=[01]]))

_ w
case e = handle,, h e;.

63

given
MVAL

Part 1

MVAL

giv

given
MAPP
above

a=01]: oo|a=01]= € o3[a:=01] | € ~ ej[a:=|01|]] LH.

ILH.
MAPP

en

MTAPP
above

LH
by

substitution

Lemma 33
MTAPP
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T;w;w' |- handley hey : o | € ~ prompt mw' e given
[lops h:hnd®o|e ~ b MHANDLE
Ly (L (m b)) | whs{:(m, ) | w') I- ey o[ ]e) ~ e above
h e >(]) above
Ta=01]; ((I:(m, h) | wh)a=01];(I:(m, B") | w'))[a=|o1]] LH.
$\qquad \qquad
[a=01] IFops hla:=01] : ola=01] || €| e ~ h'[a=|01]] Part 3
Ta:=01]; wla=01]; w[a=|o1]] I handlel™ hla=c\] e;[a:=c1] : o | (€} mmaNDLE
~ prompt m w'[a:=|01]] ej[a:=|01]]

Part 3
ks {opy = fi, oo op, = fatiollle e ~{op,—f,....0p,—f;} given
I'Ra fi:Va.o3= €(02= €0)= €0 ~ f/ MOPS
op; : Va.o3 =0, €2() a P ftv(e o) above

Ta=01] IKa fila:=01] : Va. o3 = € (02 = eola=|o1]]) = eola=|o1]] ~ f/[a=|0o1]] Part1
[a=01] Ikops { 0p; = fila=01], ..., op, = fala=01] } : ola=|o1]] | 1] €€ MOPS

~ {op; = flle=lo1l], ... op, = fila=[a]]}
Part 4 By induction on typing.
caseE = [

INa=o1]; w; Wil O: 0, >0y | € ~id given
o1 = 0y MON-CEMPTY
Ola=01] = O by substitution

I, ; wla=01]; wla=|o1]] lFkee O : o1[ai=01] — o1[a:=01] | € ~> id mON-cEMPTY

caseE = E; we.
IF;wy Wik Efwe:o—o0|e ~(Uf.ef>fw)eg
IF';wy Wik Ei:o—>(05= €oy)|e g
I';wyw IFe:oz|le ~¢
Ia=01]; wla=01]; w'la=[o1]] IFec Eila=01]

c ola=01] > (o3[a=01] = € op[a=01]) | € ~ gla=|o1]]

Ia=01]; wla=01]; wla:=o1]] Ik ela:=01] : o3[a:=01] | € ~ €'[a:=]01]]
Ia=01]; wla:=01]; w[a:=|01]] Fec Eila:=01] wla:=01] e[a:i=071]

given
MON-CAPP1
above

LH.

Part 2
MON-CAPP1

D ola=01] = opa=01] [ € ~ (Af. e'la=[o1]] > f wla:=[01]]) ® gla:=L01]]

case E = v; wE;.
Iyw, wilkee iwEj : o> 0| v weg
I; wy wilke By : 0> 03|€ ~ g

I'Ra v o3=eap ~ v

given
MON-CAPP2
above

INa=o01]; wla=o1]; wla=|o1]] ke« Eila=01] : ola:=01] = o3[a:=01] | € ~> gla=|0o1]] IH.

Ia=01] K wla=01] : 03 =€ 05 ~ vj[a=|01]]
[a=01]; wla=01]; w'[a=[01]] IFec vi[a=01] wla=01] E1[a:=01]
: ola=01] = opla=01] | € ~ v{[a=|01]] W'[a:=]01]]
case E = E; [o].
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I'; wiw e Er[o] : 0> 02| € ~ (Ax. pure (x [Lo]]) e g
I'; w;w ke Ej: 0> Va.o3|e ~ g
0y = o3[ai=0]
[a=01]; wla=|0o1]] Irec Eila=01] : ola=01] = Ya. os[a:=01] | € ~ gla:=|01]]
lolla=lo1]] = |ola=01]]
[a=01]; wla=o1]] Ikec Ei[a=01] [o[a:=01] ]
t ola=01] = ozla=01] | € ~ (Ax. pure (x |o|[a:=[01]])) » gla:=[01]]
case E = handle), hE;.
T;w; w ke handle), hE : 0 > 0y | € ~ prompt mw' o g
Diw;w' Igps h:op|l]e ~ I
Li{l:(m, h) | w; {I:(mh) | W) ke E: o0z | (€ ~ g

given
MON-CTAPP
above

LH.
Lemma 33
MON-CTAPP

given
above
above

Ta=o1]; {I:(m, hla:=01]) | wll); (I:(m, K'[a:=[o1]]) | w[a:=o1]]) e Ela=|o1]] LH.

ola=01] = ola=o] | (L] €) ~ gla=]o1]]
Ta=01] lkops hla:=01] : oola=01] | I| € ~~ h'[a:=|01]] ]
Ta=01]; wla=Lo1]]; w[a=|01]] lFec handle® " hla=01] E[a:=01] : 01 — 03 | €
~~ prompt m w'[a:=01]] o gla=|01]]
O

B.4.4  Evaluation Context Typing.

Lemma 36. (Monadic contexts)

IfT;wlee E: oy —oy|e ~ gandT;([E] | w) IF e: oy | (E] | €) ~ ¢ thenT;w
(due to Lemma 22) and T'; w I+ E[e] : 02 | € ~> g ¢

Proof. (Of Lemma 36) By induction on the evaluation context typing.
case E = [.
Fiwlke O: 0y > 0p ~id given

Tiwlke:o1|e ~¢€ given
el
=ideée id

case E = Ey we.
I“;wH—eC E0W€0261—>0'2|€ W(Afqueé)og given
Iiwlke Eg : 01 > (05= €03) |€ ~ g above
[Eo weo] = [Eo] by definition
[Eo wel' = [EoT’ by definition
I;w - Eole] :05= €0y | € ~ge 1H.

Iiw I- Eglelwey : op | € ~ (Af.fwae)<ge  marp
Af. fwae)<ge
= ((Af. fwag)eyg)e by (e)

case E = v weE,.
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Liwlhee vWEg: 01 02 ]e ~(V weg given
I;wlke Eg: 01 03] € ~ g above
[vwEe] = [Eo] by definition
[vwEl' = [E by definition
I;w - Egle] : 05| ~>ge LH.

I;w - vwEole] : o2 | € ~ (Af. fw<(ge')) < (pure[los =€ 02]] V') marp
(Af. f w<(ge)) <(pure[los =€ 02]] V')

= (Mf fwalge)v (<)
=vw<ge reduce
= (v’ w -g) e (.)

case E = Ey [o].
I;wlkee Eo[o] 1 o1 = ozla=0] | € ~ (Ax. pure (x[|Lo]])) » g given

I;wlke Eg : 01 > Va.op | € ~ g above

[Eo [o]] = [Eo] by definition
[Eo [o]1" = [Eol! by definition
I;w - Egle] : YVa.op | € ~>ge LH.

TI;w IF Eole] [0] : oz[la=c]]|€e ~ (Ax. pure (x[Lo]])) < (g €’) mrarp

(Ax. pure (x[|o]]) < g€

= (Ax. pure (x[[o]]) = g) ¢ of (+)
case E = handle}, hE,.

I';wlk handle) hEy : oy = 02 | € ~> promptle,|c]] mwo g given

L;{l:(mh) | wy lkee Eg 01 > a2 |[{(|€) ~ g above
([handle} hEo] | w) = ([Eo] | {I:(m, h) | w)) by definition
(Thandle;, h Eollle) = (E1 | (] ¢€)) by definition
L([ET | wy Ik e:or | JE] | €) ~~ ¢ given

Ti(TET | {I:(m ) | wY) IF e:or | (ET | |€e)) ~ e by substitution
L;{l:(mh) | w) IF Eole] : 02| (I]€) ~g¢ LH.

I;w IF handle), h(Eole]) : 02 | € ~ promptle,|o]] mw(ge’) MHANDLE
promptle, o]l mw (g €’)
= (promptle, o]l mwo g) ¢ (o)

]

Definition 3.
Define a certain form of expression r, as r:== id | e® r | prompt m wo r.

bm(id) =g
bm(ee r) bm(r)
bm(prompt m wo r)= bm(r) U{ m}

Lemma 37.
IfT;wlke E: 0y > 00| € ~r.

Proof. (Of Lemma 37) By straightforward induction on the evaluation context typing. O

Lemma 38. ((*) associates with (o))
Lejo(ez0e3) = (e1®ez)o e

Proof. (Of Lemma 38)
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335 (e1®(ez0e3)) x
3236 = €1 <((ez 0 e3) x) definition of (e)
3237 e; < (e; (e5 x))  definition of (o)

3238 (e 0 ex)0e3) x

3239 = (e; e ey) (e3 x) definition of (o)
3240 = e; < (ey (e3 x)) definition of (o)
3241 O

3242

3243 Lemma 39. ((o) properties)
3244 l.eoid = e

3245 2.idoe = e.

zzz: Lemma 40. (Yield hoisting)

:5248 If m ¢ bm(r), then r (yield m f cont) = yield m f (r o cont).
3249 Proof. (Of Lemma 40) By induction on r.

3250

caser = id.
351 id (yield m f cont)

352 = yield m f cont by id

3253 = vyield m f (id o cont) Lemma 39.2

3254 caser = eer.

325 (eery) (yield m f cont)

326 = e<(r (yield m f cont))  definition of (e)

3257 = e<(yield mf (ry o cont)) LH.

3258 = yield m f (e (ry o cont))  definition of (<)

9 = yield mf ((e® ry) o cont) Lemma 38

3260 caser = prompt m; wo r.

3261 (prompt my w o ry) (yield m f cont)

w2 prompt my w (1o (yield m f cont)) definition of (o)

3263 = prompt my w (yield m f (ry o cont))  LH.

P (m ¢ bop( prompt my w o ry)) given

3265 (m #m)) follows

3266 = vyield m f (prompt m; w o (ry o cont)) definition of prompt

:z; = yield m f ((prompt m; wo ry) o cont) (o) is associative
mi

3269

3270 Lemma 41.

21 If m ¢ [E]™, andT; w IF E : 67 — 05 ~> r,then m ¢ bm(r).

3272

3273 Proof. (Of Lemma 41) By a straightforward induction on the evaluation context translation. The

3274  only interesting case is MON-CHANDLE,

3275 ['; w Ik hangley hE: oy —ole ~ promptle,c] mwor given

3276 F; {:(mA)|wy FE:0—>0|{|e) ~r MON-CHANDLE
3277 m ¢ bm(r) LH.

3278 m ¢ [handle,, hE]™ given

3279 m #m Follows

3280 m ¢ bm(prompt[e,c] mwor) Follows

3281 m]

3282

3283
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3284  B.4.5 Translation Coherence.

3285 Proof. (Of Theorem 11) Apply Lemma 42, with w = w' = (). O

3286

457 Lemma 42. (Coherence of the Monadic Translation)

535 HDiw;w - e 10| () ~ efande; — ey, thenalso @;w;w' Ik ey : 0| () ~» e, wheree] —" e).

7 Proof. (Of Theorem 42) Induction on the operational rules.

?:m case (A€ z:evve, x:0.e) wv— e[z=w, x:=V].

:Zi ; wy; w IF (A€ z:evwe, x:0.e)wv :o|e ~ (Af. f w < purev') < (pure (Az x. €’)) given

1203 (Af. f W' < pure v') < (pure (Az x. €’))

1204 — (Af. f W < purev') (Az x. €’) (<)

1205 — (Az x. €’) W' < pure V' reduces
s Azx. )y w v (<)

ey e'[z=w, x=V'] (<)

1208 z:ewe, x:0;w; w Ik e:op=eo|e ~eé MAPP,MABS
1200 T;wyw I elz=w, xi=v] 1 o | € ~ e[z=w, xi=V] Lemma 34
3300 case (Aak. v) [0] — v[a=0].

3301 F; w; w IF (Aak. v) [o] : ou[a=c]| e ~ (Ax. pure (x [Lo]])) < pure (Aar. v') given
3302 (Ax. pure (x [Lo]])) < pure (Aa. V')

3303 — (Ax. pure (x [Lo]])) (Aa. V') (<)

3304 —> (pure (Aa. v') [Lo]])) (app)
3305+ pure (V'[a=0])

3306 Gy w;w IE v[a=0] iox[ai=0c] | € ~ pure (V'[a:=0c]) Lemma 35
3307 case (handler® h) w v — handle;, h (v {I:(m, h) | w) ()) with m unique.

zzzz Z;w;w I (handler* hy wv : o | € given

~ (Af. f W' < pure v) < pure (handler' [e, o] 1)

3211? (Af. f W' < pure v') <t pure (handlerl [e,o] 1)

;12 — (Af. f W' < pure V') (handler! [e, o] 1) (<)

1313 — (handler! [e,0] b)) w' < pure v reduces
sy (handler' [e,c] ') W' v/ (<)

ss  — freshm (Am. promptle,c]l m w' (v {l:(m, k) | w") () handler
3316 —— promptle,a]l mw' (v {l:(m, h) [ W) () given m unique
517 Diw;w’ IF handley h (v{l:(m,h) [ w) () : o |e€ given
3318 ~ promptle,a]l mw ((Af. f {l:(m, h) | w') < pure () ) < pure v')

3310 prompt(e, o]l mw ((Af. f {l:(m, h) | w') < pure()) <t pure v')

s promptle.a] mw' ((Af. f (1:(m, h) | w') < pure () V') (<)
v+ promptle, ol mw' (v (s (m, h) | w') < pure ) ) reduces
v promptle,al mw (v {L:(m. B | W) () (@)

3323 case handlex h-v— v.

3324 @ w; W Ik handley h-v : 0| e ~ promptle,c] m w’ (pure v') given

3325 prompt[e, o] mw’ (pure v')

3326 — pure v’ prompt

3327

case handle;, h-E - performopa wi v— f wv w k with (op — f) € h, op ¢ bop(E),
% and k = guard" (handle}; h - E).
329 From the assumption:

330 gyww IF handle), h-E - performopa wy v ~» e; and

3331
3332
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gyw,w' IE fwywk ~ (Afy. fo w < (pure k') < ((Afi. i W < (pure v')) < (pure f'))

with k¥ = guard w' (prompt m w’ o g) where @; w; W'l E ~> g.

We can simplify the translation of f w v w k as:

(Afo- fo w < (pure k) < (Afi. fi W < (pure v')) < (pure f”))

— (Afo. fo w < (pure k")) < (Afi. i W' < (pure v')) < pure f)

— (Afo. fo w' < (pure k")) < (f" w' < (pure v'))
— (Afo. fo w' < (pure k")) < (f" w' V')
@; w; w' IF handle) h-E - performopo wy v ~» e

/7
€

= prompt m w’ (g ((Af. f w; < pure v') < pure (perform®[e, 5])))

—> prompt m w’ (g (Af. f w] < pure V') (perform®[e,])))
—> prompt m w’ (g (perform®[e, o] w] < pure v'))
—> prompt m w’ (g (perform®[e, 5] w; V"))
— prompt m w’ (g (let (m, h) = w;.lin

yield m (Aw k. (Afo. fo w k) < (h.op) wv')))
(w.l = (m, B)

— prompt m w’ (g (yield m (Aw k. (Afy. fo w k) < (h.op) wv')))

— prompt m w’ (g (yield m (Aw k. (Afo. fo wk) < f" wv')))
let f"" = (Aw k. (Afp. fo wk) < f” w')

— prompt m w’ (g (yield m " id))

(g is of form r)

(op £ bop(E))

(op—f) €h

(h ¢ bh(E))

(handle; h - E - perform op & w; v is m-mapping)

(m £ [ET™)

(m ¢ bm(g))

" prompt m w’ (yield m f”’ (g o id))

= prompt m w’ (yield m f” g)

— " W (guard w' (prompt m w’ o g))

— fll W/ k/

= Awk. (Ao fowk)<f  wv)w k'

— Afo- o w K)<f  w v

=5 (Mo. fow <purek’)af’ w v

=5 (Mo. fo w < pure k') < (f" w' < (pure v'))

=5 (Afo. fo w < pure k') < ((Afi. i W' < (pure v')) < pure f”)

case (guard” E o) w v — E[v].

69

given

Lemma 36
(<)
reduces
(<)
perform

Theorem 5

yield

Lemma 37

given

given

otherwise op € bop(E)
Lemma 32

otherwise h € bh(E)
Lemma 41

Lemma 40

Lemma 39.1

prompt

(app)
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gyw;w - (guard” Eo) wv : oz | € ~ (Af. f w < (purev’')) < (pure (guard w’ g)) given

g, w;w' - (guard¥ E o) : 01 =€ 0y | € ~ (pure(guard w' g)) (mapp)

yw,w I viop|e ~ (purev') above

Tyw,w IF E:op—>o0p]e v g MGUARD

(Af. f w < (pure V') ) < (pure (guard w' g))

— (Af. f W' < (pure V') ) (guard w’ g) (<)

> guard w' g w’' < (pure V') (app)

+— guard w g w' v’ (<)

— if (W == w’) then g (pure V') else wrong guard

— g (pure v') wo==w

Fyw;w I E[v] : 02 | € ~ g’ (pure ') Lemma 36
m]

B.4.6  Translation Soundness.
Proof. (Of Theorem 11) Applying Lemma 43 with w = () and w’ = (). O

Lemma 43. (Monadic Translation is Sound)

LI, w;w |- e:o|e ~é,then || Ff ¢ : mone o).

2.IfT IKa v:o ~ 4V, then [T] +¢ V' : | o).

3.IT lrops h: 0|1 ]e ~ W, thenh : hnd'e |o].

4 UT;w;w lkee E: 0y > 05| € ~ e then|T] kg e: mone o] —» mone |os].

Proof. (Of Theorem 43) Part 1 By induction on the translation.

casee = V.

Iiw,w IFv:o|e ~ pure[lo]] Vv given

IF'ha vio|le ~V MVAL

IT] ke V' : o] Part 2

L] F¢ pure[lo]] V' : mone o] pure, Frapp and FAPP
casee = e[o].

I;w;w IF elo] : oila=0]]| € ~ e > (Ax. pure (x[lo]])) given

Fyw;w IF e:Va.oi|e ~ ¢ MTAPP

IT| +r € : mone (Va. |o1]) LH.

T], x : Va. o] + pure(x[Lo]]) : mone€ |oy|[a=|c]] pure, rrare and rare
[T], x : Va. o] + pure(x[Lo]]) : mon e |oy[a:=0]] Lemma 33
T] Fr Ax. pure (x[Lo]]) : (Ya. Lo1]) = mon |oy[a:i=0]] FaBs
IT] rr € > (Ax. pure (x[Lo]])) : mon e |o1[a:=0]] >
casee = e e.
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Diw;w' |- egwe :ofe ~ e > (Af. ey fw) given
Diw,w' |- e op=eo |e ~ ¢ MAPP
Diwsw I- ey :0op| e ~ e above
[T] Fr e : mone (evwve — |oz] — mone [o]) LH
[T] ¢ € : mone o] LH
T, f: (evwe — o] @ mone |o]) +r f : evwwe — |o2] > mone o] Fvar
IT] Ff W : evve given
IT], f: (evwe — |op] > mone |o]) Fp W :evwe weakening
IT], f: (evwe —> |oz] D mone |o]) g fw : |og] @ mone |o] FAPP
[T], f: (ewwe — |oo] = mone o)) k¢ €, : mone |oy] weakening
[T], f: (ewe— |op] = mone |o]) r ;> f w : mone |o] >
[T] rp (Af. ey f W) : (evwe — |op] — mon [o]) — mone o] FABS
[T] Fr ef > (Af. e; > f w') : mone |o] >

case e = handle) h e.

T;w; w' IF handle;, he
[liops h:o|l]e ~H
L;{l:(m, h) | w); {l:(m,h") | w) IF e:
IT] +¢ A : hnd' € o]

[T] +p € :mon(|e€)o

T] Fe prompt [e, o]l mw € :

Part 2
By induction on the translation. case v = x.

: 0| e ~ prompt €, 0]]

mon e o

I'Ra x: 0 ~ x given

x:0 €T MVAR
x:lo] €|T] follows
IT] Fe x : o] FVAR

case v = A€ z:evve, x:0.e
I'lka A€ z:evwe, x: 01.e: 01 =€0y ~Azx. €
I,z:ewe,x:0;5z;2z - e:on | € ~ ¢
IT],z:evve,x:|o1] Fr €: mone |03
IT] Fg Azx. € : evwe — |o1] = mone |oz]

case v = Aak. V.

['lha Aa.v: Va.o ~» Aa. v given
IF'lha v:io ~V MTABS
IT| Fg V' ¢ | o] LH.

IT] Fg Aa. V' : Va. |o] FTABS

case v = handler® h.

T I handler h: (0= {|€)o)= € o ~ handler'[e,|c]] K

Tliops h:o|l]e ~ R
IT] ¢ # : hnd' e |o]

IT| k¢ handler' [e, |o]] W :

case v = perform® op .

[ ke perform€ opo : oi[a=c]= (| ¢€) oz[a:=0]
op : Ya. o1 — o, € 3())

LT r¢ perform® [{ | €), [T]]
L] kr perform® [{I] €), o]]

71

o|{d|e ~¢€

mw' e given

MHANDLE

above

Part 3

LH.

prompt, Frarp and FAPP

given
MABS
Part 1
FABS

given
MHANDLE
Part 3

ewe— (evw (| e) > () — mon(l|e€)oc)—> moneoc handler, Frapp. rFapp

~ perform® [{] €), |o]] given
MPERFORM
cew (| e) > lo][a=|c]] = mon (| €) |oz][a=|a]] perform, rrare
cew (| €) — |oi[ai=c]] — mon {{ | €) |ox[a:=0]] Lemma 33
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case v = guard” E 0.

T g guard” Eoy : 0y =€y ~ guard w' e

Iiw;w ke E: 01> 0p|€e ~ ¢
IT] F¢ € : mon e oy — mon € oy

L] Fr guard w' €’ :evv e — |o1] = mone |oy]

Part 3

I lrops {opy—fi, ..o op, = ful ol l]le ~op,—f, ..

Tlha fi:Va.o1= e(oy=>e0)= eo ~ fi

T] +¢ fi’ : Va.evv e — |o1] — mon e (evv e — (evv € — |2 — mon [o]) — mon | o))

[T] v fi' : Va. op Lo1] Loz] € Lo]
[Tl Fe opy = ffs ..o, op, = f) -

given
MGUARD
Part 4
guard,rapp

- 0p, = fy

{op,: Ya.op |o1] lox] € lo], ..., op,: Ya.op |o1] lo2] € Lo]}

[Tl e opy = f, ..o op, = fi - hnd' e | o]
Part 4
By induction on the translation.
case E = [
Liwiw ke O:0—>0|€ ~id given
IT] re id : |o] = |o] id
caseE = Eywe.

Liw;w lkee Egwe:or > 03]e w(Af.e>fweg

Liw,w IFe:oy|e ~ ¢
Liwsw ke Eg: oy 2 (0= €03) | € ~ g
IT] F¢ € : mone€ |o2]

[T] Fr g : mon e [o1] — mon e (evv € — |o2] — mon € |o3])
[T] Fr Af.e'>f w: (evwe — |o2] = mon € [o3]) = mon € | 03]
IT] Fr (Af. €' >f w)eg : mon |oy] — mon e |o3]

case E = Ey[o].

given

MON-CAPP1

above
Part 1
ILH.
FABS, >

L;w;w ke Eo[0] 1 01 = 02 [ai=0] | € ~ (Ax. pure (x[|o]]))» g given

Fiwiw ke Eg : oy @ Va.op | € ~ g
IT] Fr g : mone o] = mone (Va. |oz])

T] Fe (Ax. pure (x[Lo]])) : (Va. Lo2]) = mon |oz][a:=|0c]]
T] Fe (Ax. pure (x[|Lo]])) : (Va. Lo2]) = mon |ox[a=0c]]

IT] b (Ax. pure (x[Lo]])) ® g : mon e [o1] — mon [oz[a:=0]]

case E = vwE,.

Liw;w lkee vWEg: 01 > 03]€ ~ (v w)eg given

Liw;w lkee Eg: 01> 0p |6 ~ g

IF'lha v:og= €03 ~V

IT] Fr g : mon e |o1] — mon e |o,]

[T] kg V' : evv e — |o2] — mon |o3]

IT] Fg v/ w : |oz] — mon | 03]

[T] ¢ (v w)eg: mone [o1] — mon |os]

case E = handle}, hE,.
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MON-CAPP2

above
LH.
Part 1
FAPP

MON-CTAPP
LH.

FABS, pure
Lemma 33

given
MOPS
Part 2
op
follows

follows
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T; w; w ke handle), hEg : 01 = o | € ~ promptle,c] mwo g given

Flps h:o|l]le ~ K MON-CHANDLE
L; {(l:(m,h) | wh;{l:(m, ') | W) lkee Eg : 01 >0 | {]|€e) ~ g above
IT| k¢ # : hnd' e |o] Part 3
IT] Fr g :mon(l|€) o1l > mon(l|e) o] above
T'] F¢ promptle,oc]l mw : mon (| €) lo] = mone |o] above
T'] F¢ promptle,cl mwog : mon(l|e) lo1] = mone |o] o
O

C FURTHER EXTENSIONS

This section elaborates some further results and extensions to System F€.

C.1 Divergence

It is well-known that System F is strongly normalizing and evaluation does not diverge [Gi-
rard 1986; Girard et al. 1989] It would be nice to extend that property to System F€. Unfortunately,
the extension with algebraic effect handlers is subtle and we cannot claim strong normalization
directly. In particular, the following seemingly well-typed program by Bauer and Pretnar [2015]
diverges but has no direct recursion. Assume cow : { moo : () = (() = (cow) ()) } € %, and let
h = { moo— Ax.A0k. k (A€ y. perform moo () ()) }, then:

handler®) h (1€ perform moo () ())
+—" handle h - perform moo () () (%)
handle h- 0O () - perform moo ()
{k = 29x:() > (cow) (). handle h- O () - x }
FOK
k (A€ y. (perform moo () ())
handle k- () - (A€ y. (perform moo ()) ()
handle h- O () - perform moo ()
handle A - perform moo () () (%)

ﬁIIIIIIIII

The reason for the divergence is that we have accidentally introduced a fancy data type with
handlers of the form { op;, — f; }. As discussed in Section 5.2, we translate the operation signatures
to handler data types, where a signature:

l:{op:Va.o, >0, }
gets translated into a data-type:

data hnd' i r = hnd' { op : Va.op oy oy pi 1}
where operations op are a type alias defined as:

aliasopa fur = ewwypy—a —->mon(evwpu— (evwpu— f—monpur)— monpyr)
For the encoding of this data type in F¥ we can use the standard technique in terms of universal
quantification — as remarked by Wadler [1990]: "Thus, it is safe to extend the polymorphic lambda
calculus by adding least fixpoint types with type variables in positive position. Indeed, no extension is

required: such types already exist in the language! If F X represents a type containing X in positive
position only, then least fixpoints may be defined in terms of universal quantification", e.g. as:

Ifixa.Fa = Va. (Fa > a) > «a

Now we can see where the divergence comes from in our example: the resulting data type hnd“"
cannot be encoded in System F (and F") as it occurs in a negative position itself!
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Expressions e u= ...
| sub®e effect subsumption
Evaluation Context F  := ... |sub®F
E u= ...|sub’E

Operational Rules
sub®v— v

I';w Fe:o|e ~e €Ce|lw~w

’ E’ [SUB]
T:w + sub® e: o |e ~sub® €
Liwpswy - e:o|le ~e €eCelw ~w
; [EsuB]
T;wo;wy IF sub® e: o |e ~ castle, e, |a]] ¢
€ Ce |del'w ~ w [ |
SUB-REFL SUB-HEAD
€ECe |w~w [ ] dlehTldle | w~Ll:wl| W)

Ulevce |dellw ~w 120
[suB-ToTAL] [suB-FORGET]

OCe[w~{) Ulehcdle |w~w

cast : Ypp' a.monp’ o — monpa
cast (pure x) = pure x
cast (yield m f cont)= vyield m f (cast e cont)

Fig. 14. Effect Subsumption

The operation result parameter f in the op alias occurs in a negative position, and if it is instanti-

ated with a function itself, like () — (cow) (), the monadic translation has type evv {cow) — () — mon ()
dCOW

where the evidence is now a single element vector with one element of type 3y r. (marker g r X hn
i.e. the evidence contains the the handler type itself, hnd®", recursively in a negative position. As a
consequence, it cannot be encoded using the standard techniques to System F [Wadler 1990] without
breaking strong normalization. In practice, compilers can easily verify if an effect type [ occurs
negatively in any operation signature to check if effects can be used to encode non-termination.
We can use this too to guarantee termination on well-typed System F€ terms as long as we require
that there are no negative occurrences of [ in any signature [ : { op; : 0; — o/ }.

C.2 Effect Subsumption

Figure 14 defines effect subsumption in System F€ together with typing and translation rules. Note
that subsumption is quite different from subtyping as it is syntactical over terms and does not
change the equality relation between types. The subsumption relation ¢’ C € | w ~» w’ states that
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€’ is a sub-effect of ¢, and that evidence w, of type evv €, can be run-time translated into evidence
w’ of type evv €’. The del’ operation is defined as:
del' : V. ew (| gy — evv
del' () = ()
del' (l:ev, w) = w
del' (V' :ev, wy = (U:ev, del' wy iff I+ 1
At runtime sub is translated to the cast function as it has no runtime effect except for changing the
effect type of the monad. All evidence is already in the right form due to the sub-effect relation.
Using subsumption we can derive the oren and crose type rules introduced by Leijen [2017c]:

F're:op—>,... Loy e
- [opEN]
I'+open e: 01> (,...L, €Yoy |e€
F're:Vuyor—>0,...Lh | pos e
[cLosE]

T'kclosee: o —>{,...I)o e
where we can derive each conclusion as:

open e = Al-ohle)y. g sub®h) (e x)

closee = Ab-bix: o ¢[()] x
The subsumption rule can be used in practice to give many functions a closed effect type (using the
oreN rule at instantiation) which in turn allows more operations to use a constant offset to index
the handler in the evidence.

C.3 Effect Masking

Figure 15 defines the rules for masking [Convent et al. 2020]. This is also called inject [Leijen 2016],
or lift [Biernacki et al. 2017] in the literature. It is an essential operation for orthogonal composition
of effect handlers as it allows one to skip the innermost handler. For example, we may execute an
action f together with another internal action g where we only want to handle exceptions for g
but not the ones raised in f. With mask we can write this as:

handler hex, (A_. g (); mask™ (f ()))

Even though the operational rule has no effect, we redefine the bound operations to reflect that
mask causes the innermost handler to be skipped. There are various ways to do this, Leijen [2016]
uses a special context definition while Biernacki et al. [2017] use an n-free definition. Here we
simply redefine bop in terms of mbop which uses a multi-map where every operation initially
maps to zero. The handle frame increments the count for bound operations while mask decrements
them, effectively skipping the next handler in the nanDLE operational rule.

As we can see in the mask rule, masking simply removes the top evidence for the effect [ from
the evidence vector. If f itself raises an exception, the outer evidence will now be used. Therefore,
once we do a monadic translation, the evidence is already transformed and, just like subsumption,
the mask operation itself has no further runtime effect anymore (and can use the cast function as
well).
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3676 Expressions e u= ...

3677 | maskle effect masking
3678

3679 Evaluation Context F == ... |mask!F

3680 E
3681

... | mask! E

3682 Operational Rules

3683 mask! v — v

3684

3685

3686

3687 Tidel! w F e:o]e ~é

3688

i . [Mask]
I;w - mask'e: o | {{]|€) ~» mask’e
3689

0% T;del' widel' w’ |+ e:0|e ~ ¢
3691 - 7 . [Emask]
3692 I;w;w IF maskie: o |{|€) ~ cast[{l]e)e |ol]e

3693
3694

bop(E)

{op|(op:i) € mbop(E), i > 1}

3695
3696

mbop([J) = f{op:0|op €2}

mbop(E e) = mbop(E)

mbop(v E) = mbop(E)

mbop(handle h E) = mbop(E) + {op:1|(op—f) € h}
mbop(mask! E) = mbop(E) + {op: -1 | (op : 0y = 02) €3(]) }

3697
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3699
3700
3701

3702 Fig. 15. Effect Masking
3703

3704
3705
3706
3707
3708
3709
3710
3711
3712
3713
3714
3715
3716
3717
3718
3719
3720
3721
3722
3723
3724
76



	Abstract
	1 Introduction
	2 Untyped Algebraic Effect Handlers
	2.1 Examples
	2.2 Scoped Resumptions
	2.3 Expressiveness

	3 Explicitly Typed Effect Handlers in System  F
	3.1 Effect Rows
	3.2 Operations
	3.3 Quantification and Equivalence to the Untyped Dynamic Semantics
	3.4 Type Rules for System  F
	3.5 Progress and Preservation

	4 Polymorphic Evidence Translation to System  Fev
	4.1 Evidence Vectors
	4.2 Evidence Translation
	4.3 Correspondence
	4.4 Operational Rules of System  Fev
	4.5 Guarded Context Instantiation and Scoped Resumptions
	4.6 Uniqueness of Handlers
	4.7 Preservation and Coherence

	5 Translation to Call-By-Value Polymorphic Lambda Calculus
	5.1 Translating to Multi-Prompt Delimited Continuations
	5.2 Monadic Multi-Prompt Translation to System  Fv

	6 Optimizations
	6.1 Partially Applied Handlers
	6.2 Evaluating Tail Resumptive Operations In Place
	6.3 Using Constant Offsets in Evidence Vectors
	6.4 Reducing Continuation Allocation

	7 Related Work
	8 Conclusion
	References
	A Full Rules
	A.1 Well Formed Types
	A.2 Evaluation Context Typing and Translation

	B Proofs
	B.1 System  F
	B.1.1 Type Erasure
	B.1.2 Evaluation Context Typing
	B.1.3 Substitution
	B.1.4 Progress
	B.1.5 Preservation

	B.2 Translation from System  F to System  Fev
	B.2.1 Type Translation
	B.2.2 Evaluation Context Typing
	B.2.3 Substitution
	B.2.4 Translation Soundness

	B.3 System  Fev
	B.3.1 Evaluation Context Typing
	B.3.2 Correspondence
	B.3.3 Substitution
	B.3.4 Preservation
	B.3.5 Translation Coherence
	B.3.6 Uniqueness of handlers

	B.4 Monadic Translation
	B.4.1 Multi-Prompt Delimited Continuations
	B.4.2 Monadic Type Translation
	B.4.3 Substitution
	B.4.4 Evaluation Context Typing
	B.4.5 Translation Coherence
	B.4.6 Translation Soundness


	C Further Extensions
	C.1 Divergence
	C.2 Effect Subsumption
	C.3 Effect Masking


